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Abstract

The processingandanalysisof colourimageshasbecomeanimportantareaof studyandappli-
cation. Therepresentationf the RGB colourspacdn 3D-polarcoordinateghue,saturatiorand
brightness)cansometimesimplify this taskby revealing characteristicsot visible in the rect-
angularcoordinaterepresentationThe literaturedescribesnary suchspacegHLS, HSV, etc.),
but mary of them, having beendevelopedfor computergraphicsapplications,are unsuitedto
imageprocessingandanalysistasks. We describethe aws presentn thesecolour spacesand
presenthreeprerequisite$or 3D-polarcoordinatecolourspacesvell-suitedto imageprocessing
andanalysis We thenderive 3D-polarcoordinaterepresentationghich satisfythe prerequisites,
namelya spacebasednthe  normwhich hasefcient lineartransformfunctionsto andfrom
the RGB spaceandanimprovedHLS (IHLS) space.The mostimportantpropertyof this latter
spaceis a “well-behaved” saturationcoordinatewhich, in contrastto commonlyusedones,al-
wayshasa smallnumericalvaluefor nearachromaticcolours,andis completelyindependenof
the brightnesgunction. Threeapplicationgaking advantageof the goodpropertiesof the IHLS
spacearedescribedthecalculationof asaturation-weighteduemeanandof saturation-weighted
huehistogramsandfeatureextractionusingmathematicamorphology






1 Intr oduction

Thenumberof applicationgequiringcolourimageprocessingandanalysiss growing continu-
ously, in particularin themultimediadomain.Importantproblemscurrentlyunderstudyinclude
the accurataeproductionof colourson differentoutputdevices[15], andthe developmentof
reliablealgorithmsfor processingolourimages24]. The developmentof thesealgorithmsis
mademoredif cult by thevectorialnatureof colourcoordinatesaswell asby thelargenumber
of colourrepresentatiomodelsavailable,allowing a certaincolourto be equivalentlyencoded
by mary setsof coordinates.

Representationsf the RGB colour spacein termsof hue, saturationand brightnesscoor
dinatesare often used. Theserepresentationsuffer from somedefects,suchasthe presence
of unstablesingularitiesand non-uniformdistributions of their componentsas describedby
Kender[16]. Neverthelessthey canbe moreintuitive thanthe RGB representatiorandcould
revealfeaturesof animagewhicharenotclearlyvisiblein thisrepresentationThey donothave
all thegoodpropertiesof thelL*a*b* or L*u*v* spacesbut aresimplerto calculate anddo not
requireary calibrationinformation. Eventhoughthetransformatiorfrom RGB to hue,satura-
tion andbrightnessoordinatess simply atransformatiorfrom arectangulacolourcoordinate
system(RGB) to a three-dimensiongbolar (cylindrical) coordinatesystem,oneis facedwith
a bewildering array of suchtransformationglescribedn the literature(HSI, HSV, HLS, etc.
[25]). Thisresultsin a confusingchoicebetweenmodelswhich essentiallyall offer the same
representationindeed physicistshave, asanaid to problemsolving,beenroutinely corverting
betweerrectangulaand3D-polarcoordinatesystemdgor mary decadesvithout similar model
choiceproblems.ls it not possibleto achieve this simplicity in colourrepresentation?

In this technicalreport,we rst discussthe existing hue, saturationand brightnesgrans-
formsandtheir shortcomingsvhenusedin imageprocessingr analysig(section2). Section3
describesjn termsof vectorindependencand vector norms, the prerequisitedor a useful
3D-polarcoordinatecolourrepresentatiorgndsectiond summariseghe basicpropertiesof the
RGB vectorspaceausedn thederivationof thisrepresentatiorWe presentgeometricatierva-
tion, in section5, of anexpressiorfor calculatingthe saturatiorof an RGB vector Sectionss
and7 considerthe consequencesf restrictingoneselfto usingrespectiely only the  and
vectornormsin the derivation of the 3D-polarcoordinates.An improved HLS (calledIHLS)
coordinatesystemis thensuggestedh section8. We give a brief comparisonjn section9, of
the distributionsof the saturatiorandchromaexpressiongliscussedEf cient transformations
betweenthe RGB spaceand IHLS systemare presentedn section10. Finally, threeapplica-
tion examplesusingthe suggesteaoordinatesare givenin sectionll: the calculationof hue
statistics,saturation-weightetiue histograms and featureextractionin colour imagesusing
mathematicamorphology

2 Existing colour spacetransforms

In this section,we rst review the standardde nition of the termsusedto describecolour
intensity(section2.1). An overview of the methodof convertingRGB coordinateso 3D-polar
coordinatess thengiven (section2.2). Lastly, we discusghe problemsarisingwhenusingthe
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currently popularversionsof thesespacesn imageanalysis,andthe reasondor which they
occur(section2.3).

In theRGB spacecoloursarespeci edasvectors which givetheamountof each
red, greenandblue primary stimulusin the colour. For corveniencewe take
so that the valid coordinatedorm the cube . For digital images,these
coordinatesare usually 8-bit integers, but it is easyto generaliserom to any rangeof
values.

2.1 Brightness,luminance and lightness

The termsbrightness luminanceand lightnessare usedto describethe intensity of a colour.
They areoften usedinterchangeablyalthoughthey have speci ¢ de nitions assignedo them
by the CIE (InternationalCommissioron lllumination). Thesestandardie nitions are[5, 22]:

Brightness: Attributeof avisualsensatioraccordingo which anareaappearso emitmoreor
lesslight. This attributeis measuredubjectvely andhasno unitsof measurement.

Luminance: Luminanceis the luminousintensity per unit surfacearea,measuredn the Sl
unitsof candelgpersquaremetre( ). Luminousintensity(unit: Candela)s radiant
intensity (unit: ) weightedby the spectralresponsef the humaneye.
The luminancemeasurehereforetakesinto accountthat for threelight sourceswhich
appeared, greenandblue, andhave the sameradiantintensityin the visible spectrum,
thegreenonewill appearthebrightestandtheblue onethedimmest.

In theinternationalrecommendatioffor the high de nition television standard14], the
following weightsfor calculatingluminancefrom the (hongamma-correcteded, green
andblue componentgregiven:

(1)

Lightness: A measurememwhichtakesinto accounthenon-linearespons®f thehumaneye
toluminance A sourcehaving aluminanceof only 18%of areferencéuminanceappears
abouthalf asbright[21]. The CIE usedightnessn theirL*a*b* andL*u*v* spaces.

To avoid repeatedlywriting out all threeof theseterms,we assumehatluminanceandlight-
nessfunctionsare part of the setof brightnessunctions,and henceare includedwhen only
brightnesgunctionsarementioned.

2.2 Overview of the transformation from RGB to 3D-polar coordinates

The basicideabehindthe transformatiorfrom an RGB coordinatesystemto a hue,saturation
andbrightnesscoordinatesystemis describedy Levkowitz andHerman[17]. One rst places

anew axisin the RGB spacebetween and . This axis passeshroughall the
achromatigoints(i.e. thosewith ), andis thereforecalledtheachromaticaxis One
thenchooses function which calculateghe brightnessluminanceor lightnessof colour

. Theform choserfor de nestheshapeof theiso-brightnessurfaces.The

iso-brightnessurface containsall thepointswith abrightnesof , i.e. all thepointssatisfying
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therelation . Theseaso-brightnessurfacesarethenprojectedonto
aplaneperpendiculato theachromati@axisandintersectingt attheorigin, calledthechromatic
planeasit containsall the colourinformation. The hueandsaturation or chromacoordinates
of eachpoint arethendeterminedwithin the plane,wherethe hue correspondso the angular
coordinatearoundthe achromaticaxis', andthe saturatioror chromacorrespond$o a distance
from theachromaticaxis.

To visualisethe shapeof theresultingspacethe pointsof eachiso-brightnessurface are
projectedonto a chromaticplaneintersectingthe achromaticaxisat . The solid correspond-
ing to a colour spaces constructedut of the sub-rgjionsof eachchromaticplanecontaining
projectedpoints. The form of this solid dependson the brightnesgunction chosenasis now
demonstratetbr theHSV andHLS models(basedon the discussionn [17]).

2.2.1 The HSV model
Thebrightnesdunctionusedin the HSV modelis

2)
To visualisetheiso-brightnessurfacecorrespondingo brightness, begin with thecubehaving
principaldiagonalbetween and . Theiso-brightnessurfaceconsistof thethree
facesof thecubewhich containthevertex at , anexampleof whichis shovnin gure la.

Whenthis surfaceis projectedontothe chromaticplane,oneobtainsa hexagon.lt is clearthat
thesurfaceareasf thesenexagonsareproportionalto , andhencethesolid createdy stacking
thesehexagonss ahexcone.A verticalslicealongtheachromatiaxisthroughthe HSV colour
spacds shavnin gure 10a.

For completenessye give the commonlyusedHSV modelsaturatiorandhueexpressions

3)
4)
is multipliedby  to getahuevalue in degrees.
2.2.2 The HLS model
Thebrightnesgunctionusedin the HLS modelis
)
1The fact that hue is an angularvalue, and thereforehas a periodicity of , is oftenignoredin colour
imageanalysis.Onecannotsimply take the minimum of thehueto be  andthe maximumto be , asthese

coordinatesorrespondo thesamepointonthecircle! Furthermoregventhoughthe origin is traditionallychosen
to bein theredpartof the huecircle, this doesnotimply thatredis moreimportantthanthe othercolours.Further
discussiorcanbefoundin [13, 20].



@) (b)

Figurel: Exampleso-brightnessurfacedor two digital colourspacesn whichthecoordinates
areencodedising8 bits. (a) HSV for . (b) HLS for

For brightness, one can visualisethe iso-brightnessurface by startingfrom the cubewith

principal diagonalbetween and for , or with principal diagonalbe-
tween and for . Theiso-brightnessurfaceconsistf the
six trianglesinsidethe cubewith edgesformedby the lines betweenthe point andthe

six verticesof thecubewhicharenotontheachromatiaxis. An exampleof thisiso-brightness
surfaceis shovn in gure 1b. The projectionof this surfaceonto the chromaticplanealsore-
sultsin ahexagon,exceptthatfor this model,thelargesthexagonis foundat . Thesolid
producedoy stackingthesehexagonsis thereforea double-h&cone. A verticalslice alongthe
achromatiaxisthroughthe HLS colourspaces shavnin gure 10c.

For the HLS model,the hue calculatedasfor the HSV model(equation4), andthe com-
monly usedsaturatiorexpressioris

- (6)

2.3 Problemsarising whenusing thesespacedor imageanalysis

The HSV andHLS colour spacesveredevelopedduring the 1970's for easynumericalspec-
i cation of coloursin computergraphicsapplications[26]. In this context, the hexconeand
double-h&coneshape®f thespacesareinconvenient,asit would beeasyfor auserto acciden-
tally specifycoordinatesvhichlie outsidethe colourgamut.As computerf thetime werenot
very speedyadditionalcheckingto avoid this would have beenunacceptablesothe solutionof
expandingthe colourspacesnto cylindrical form wasadopted.This is easilydoneby de ning
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the saturatiorastheratio of the actualdistanceof a point from the achromaticaxisto the max-
imum distancefor the correspondindrightnessvalue. The HSV coneandHLS double-cone
aretherebyexpandednto cylinders. Vertical slicesthroughthesecylindersare shavn in g-
uresl0bfor theHSV spaceand10dfor theHLS spaceto becomparedvith theslicesthrough
the conic andbi-conic versionsof the spacesn gures 10aand10crespectiely. Indeed,the
commonlyusedsaturationexpressiongequations3 and 6) describesuchcylindrically shaped
spacesThedependencef thesesaturatiomrmeasuresn the correspondindprightnesss easily
seen. For example,giventhe de nition of brightnessn the HSV spacethe rst level of the
HSV saturatiorexpressionequation3) caneasilyberewritten as

(7)

The HLS saturationcanalsoeasilybe rewritten in termsof . Thesecylindrically shaped
colour spacesave unfortunatelybeenadoptedby the imageanalysiscommunity(andimple-
mentedin imageanalysissoftware?), leadingto the widespreadiseof anunsuitablede nition
of saturation.

To demonstratéheunsuitabilityof thecylindrically shapedpaced$or imageprocessingnd
analysiswe usethe colourimagein gure 11a. Thisimagewascapturedunderslightly non-
uniformlighting conditions sothatnotall thepixelswhichlook white have RGB coordinate®f
exactly . Theupperpartof theimagewastheninvertedby subtractinghevaluesin each
ofthe , and channeldrom the maximumpossiblevalues(i.e. for this -bit image).
The HSV saturationmagecalculatedrom this colourimageis shavnin gure 2b. Thelower
partof this saturationmage,correspondingo thewhite region in theinitial colourimage,has
a saturationof aroundzero,asexpected.However, someof the black pixelsin the upperpart
of the colourimageareshonn asbeingfully saturatedThis patentlycontradictghe de nition
of saturation,which statesthat saturationshouldbe low for almost-achromaticolours,and
zerofor greylevels. Thereasonis that someof the black pixels have smallnon-zero , or

components.The expansionof the HSV coneinto a cylinder (demonstrateih gures 10a
andb) resultsin thesepixels gettingarti cially high saturationvalues. Onethereforehasthe
ridiculoussituationwheresomeof the black pixels are shovn asbeingmore highly saturated
thanthe colourful regionsthat they surround. Becauseof the double-coneshapeof the HLS
colour spacejts expansioninto a cylinder producesspurioushigh valuesof saturationn both
the high andlow brightnesgegions,asshovn in gure 2c. This is particularlynoticeablefor
the orangeregion at the bottomof the image,on which two of the white lettersareshavn as
having saturationvaluesequalto the surroundingorangecolour.

This demonstrateghat two of the commonassumptiongboutthesemodelsare not true
whenthe cylindrically shapedrersionsareused:

1. Saturationis de ned asthe chromaticityof a colour, sothatpixelswhich appearblack,
white or grey shouldhave a lower saturationthancolourful pixels. As wasshown in the
exampleabove, pixelswhich appeablackor white oftenhave maximalsaturatiorvalues
whenoneof the cylindrically shapedspacess used.

2Software alreadyusedby the authorwhich implementcylindrically shapedcolour modelsinclude: Matlab
releasel2.1,Aphelion3.0,Optimas6.1andPaint ShopPro7.
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(c) HLS modelsaturatio (d) Suggesteﬁatufatiomle nition

Figure2: 3D-polarcoordinatecomponent®f gure 11: (a) Luminance.(b) HSV modelsatu-
ration. (c) HLS modelsaturation(d) Thesuggestedaturatiormeasure.

2. It is oftensaidthatthesespaceseparatehrominanc€hueandsaturationpndbrightness
information. However, useis madeof the brightnesdgunctionto normalisethe saturation
in the cylindrically shapedspacegasshowvn in equation?). It is clearthatthe saturation
valuesthereforedependritically onthebrightnesgunctionchosendemonstrately the
large differencedetweengures 2bandc).

We now considertwo casef the confusionthatthe cylindrical forms of the colourspaces
cancause DemartyandBeuche([7] applieda constansaturatiorthresholdn the cylindrically
shapedLS spacq gure 10d)to differentiatebetweerchromaticandachromaticolours.This
thresholdcanberepresentetly averticalline on eithersideof theachromatia@xisin gure 10d,
andit is clearthatthis doesnot correspondo a constansaturation Demarty[6] laterimproved
thethresholdoy usingahyperbolan thecylindrical HSV spacd gure 10b),whichcorresponds
to a constanthresholdn the conicHSV spaceg( gure 10a). Smith[27] makesthe assumption
that the cylindrical HSV spaceis perceptuallyuniform whena Euclideanmetric is used,but
uponexamining gure 10b,oneseeghata certaindistancen the high brightnesqtop) partof
the spacecorrespondso afar larger perceved changein colourthanthe samedistancen the
low brightnesgartof the space.Suchanassumptions almostcertainlytruerin the conically
shapedrersionof the space This problemalsoaffectsthe quantisation®f the cylindrical HSV
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spacein which an equalnumberof saturationbins are usedin the high andlow brightness
regionsof the HSV space.Almost imperceptiblecolour changesn the low-brightnesgegion
are quantisednto the samenumberof bins as highly-visible changesn the high-brightness
region.

2.4 Removal of the brightnessdependenceof the saturation expression

The simplestway of avoiding the disadantagedied to the cylindrically shapedspacess to
remove the brightnessnormalisationfrom the saturationexpressionshencereverting to the
original shape®f the spacesRemwing this brightnesslependencéom the saturatiorfor the
HSV modelis simply doneby multiplying equation3 by the brightness , giving

(8)

wherethesuperscriptNC' indicateghatthisis thenon-g/lindrical version.For theHLS space,
removing the brightnessdependenceés slightly more complex dueto its double-coneshape.
Thenon-g/lindrical saturations

- (9)

which after somemanipulationalso reducesto equation8. The equivalenceof thesenon-
cylindrical saturationexpressionss tantalising,andwe shaw thatit is in fact derivablefrom
thebasicde nition of saturationn section5.

3 Vectors,norms and independence

We now de ne clearlywhatthe notionsof vectorspace normandindependenceontrituteto
colour imagerepresentationsin the following, the RGB spaceis modeledby the Euclidean
space , with its projections,orthogonality etc., but we equipit successiely with different
norms,includingamongsthemthe Euclideanmorm.

Thevectorspacenotionassociatea point tothevector . It de nes:

The sumof a numberof vectorsas beingthe vectormadeup of the sumof the vector
components.

Theproductof avectoranda scalarasbeingobtainedoy multiplying eachcomponenbf
thevectorby thescalar

Note that theseoperationstransformvectorsinto vectors,and not into numbers. We know

thatevery vectorcanbe uniquelywritten in termsof its componentgor eachsystemof axes.
Therefore startingfrom the unit cubewith coordinates , and ,

we de ne the diagonalbetween and as the achromaticaxis, and the plane
intersectingthe origin and perpendiculato this axis asthe chromaticplane,which contains
all informationon the colour Hence,the point canbe written as , or

equvalentlyas ,Where and aretheprojectionsof ontorespecitrely the
achromatiaxisandthe chromaticplane.



Canwethereforesaythatthevectors and , whichareorthogonalarealsoindependent?
Theresponselepend®nthe meaningwhich we attributeto the adjectve “independent”If we
referto a possiblelink betweernthetwo projections and , they areobviously notindepen-
dent:thepointsof low brightnessalwayshave low coloursaturation But theindependencean
alsosignify somethingelse,for examplethatthe parametershatwe associatavith  (satura-
tion, hue)don't affect thoseassociateavith . In this case|f two differently colouredpoints

and havethesameprojection |, they havethe samesaturatiorandthesamehue.In order
to have a colour representatiomdaptedo imageanalysiswe thereforeproposethe following
prerequisite:

First prerequisite: Two distinct points which have the sameprojectiononto the chromatic
plane have thesamechromaticparameters.

We could go further andrequirethat two pointswhich have the sameprojectiononto the
achromaticaxis have the sameintensity However, this would limit oneto symmetricfunctions
of , and ,excludingnotablyweightedexpressionsuchastheluminance(equationl).

Anotherusefulconcepton which we now baseour discussionis thatof the norm. It asso-
ciatesa parametemwhichwe call , with everyvector Thisparameteis zeroor positive,andits
magnitudebecomedargeraspoint movesfurtheraway from the origin, i.e. ,
in which is aweightingfactor Furthermorethe normlinks theadditionof vectorsto that
of numberdy the classictriangularinequality

(10)

which saysthatthenormof themeanvectorbetween and cannotbelargerthantheaverage
of thenormsof andof . Forexampletwo projectionsontothechromaticplanewhicharefar
from theachromaticaxis, but oppositeeachother, representolourswhich arehighly saturated.
The vectormeanof thesetwo coloursis, however, achromaticlt thereforemakessensehatits
normshouldnot be largerthanthe normsof the original colours,andhencethatthe inequality
of equationl0 shouldbesatis ed. Lastly, it is equialentto saythatthevector is zeroor that
its normis zero

(11)

Whenthis lastconditionis notsatis ed, we referto a semi-norm We notethatin thetriangular
inequality 10 the two "+' symbolsdo not have the samemeaning: the rst is with respect
to vectors,and the secondwith respectto numbers. The sameis true for the two zerosin
equationll.

Wewill considelin moredetailthenorms and , andthesemi-norm (proof
thatit is asemi-normis givenin appendixB). Useof the  normleadsto conversionformulae
which arequadraticandratherdif cult to invert. Corversely the distanceassociateavith this
normis the Euclideandistancewhichis well-known andcorvenientto work with.

The  norm hasalreadymadeits appearancén colour spacecorversions,but without
announcingtself assuch. We seeit for examplein [3] and[9] for the achromaticaxis, and
in the standardtriangle colour model [17]. Its associatedlistanceis lessintuitive than the
Euclideandistance but fasterto implementand usually just as precise. We note lastly that,
givenvariables , every quantity , with weights is still
an normontheachromaticaxis. This leadsto thesecondorerequisite:
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Secondprerequisite: The brightnesparameterassociatedvith colourvector andwith its
projection mustbenorms.

In additionto the two prerequisiteglreadymentionedjt is corvenientto introducea third
constraint|essfundamentabndsuggestedby practicalexperience.lt is extremelycorvenient
if oneis ableto returnto anRGB spacamagerepresentatioat theendof animageprocessing
task,whichleadsusto proposehethird prerequisite:

Third prerequisite: Every systemfor the representatiof colourimagesmustbe reversible
with respecto the RGB standard.

If we examinetheHLS systemn thelight of the rst two prerequisiteshebasicreasongor
the criticismspresentedn section2.3 becomeclear In the HLS system neitherthe saturation
nor thebrightnessarenorms,andin addition,thereis noindependencbetweertheachromatic
axisandthe chromaticplane:it's almostimpossibleto developaworsecolourspace.

One can shawv the lack of independencéy consideringthe points and

, Which both projectonto the samepoint  on the chromaticplane. Their
HLS saturationsregivenby astheirbrightness/aluesare . The rst hasanHLS
saturationof andthesecondof  (the latter point hasa smallersaturationasits brightness
valueis higherthanthatof the other we onceagaincomeacrossa problemin the commonly
usedcylindrical form). Not only doesthis representatiorreatearti cial differencesetween
points,but it fails to discriminatebetweerpointswhich aredifferent:all pointswith brightness
andwith have the samesaturation.
To shaw thatthe brightness doesnot satisfythetriangularinequality we can

usethepoints and , bothhaving HLS brightness/aluesequalto

, While thebrightnesof isequalto . Finally, theHLS saturatioris notanormeither
asthepoints and both have saturatiorof ~ while their sum
hasavalueof (theterm , ontheotherhand,staysthesame).

4 Propertiesof the spaceunder consideration

In the RGB unit cube,the achromaticaxis is placedbetweenthe points and ,
andcontainghe coloursfor which . Thechromaticinformationis entirelyencode
in the chromaticplane,perpendiculato the achromaticaxis andintersectingit at the origin.
Everyvector of theRGB unit cubeis decomposethto thevectorialsumof its projections
ontotheachromaticaxisand ontothechromaticplane

(12)

in which all chromaticinformationis encodedn thevector . We adoptthe notationin which
all thevectorsprojectedontothe chromaticplanetake asubscript . Hence and represent
respectrely the projectionsonto the chromaticplaneof the pureredvector andpuregreen
vector .

The chromaticplaneis shavn in gure 3a,andwe proceedto draw the readers attention
to someof theimportantfeaturesshawn in this gure. Thehexagonsurroundgheregionsinto
which pointsin the RGB cubeare projected,and the circle circumscribingthe hexagonhas
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Figure3: (a) The chromaticplane. (b) Thered-yellav sectorof the hexagonon the chromatic
plane. The lower verticescorrespondo the coloursred (at the left) andyellow. Theangle
takesvaluesbetween and

aradiusof —. If we limit the points projectedonto the planeto only thosewith a specic
brightnessthenthe hexagonhasan areasmallerthan or equalto the oneshovn. A point
projectedontothe chromaticplanehascoordinates

(13)

The projectionsonto the chromaticplaneof purered , yellow and
green have coordinates

- - - - - - - - - (14)

TheRGBunitcubeisshavnin gure 4. We pointoutsomeusefulcorrespondencdsetween
regionsof thecubeandtheir projectionsontothechromatigplane.Pointsfor which form
the half-spacdimited by the plane which contains in gure 4. Its pointsare projected
onto the half-planelimited by andcontaining in gure 3a. Similarly, the pointsfor
which form the half-spacdimited by which contains ( gure 4), with points
projectedontothe half-planelimited by andcontaining . Lastly, thepointssuchthat

form the planepassinghroughthe achromaticaxisandtheline
in theplane . This planecutsthe chromaticplanealongthe line parallelto passing
through .

With respecto colour, the RGB cubeis dividedinto six sectorsdelimitedby the six planes

eachcontainingheachromati@xisandoneof thethree , and axesoroneofthediagonals
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Figure4: The RGB unit cube. Theitalic numberdndicatethe edgescorrespondingo the six
sectordnto whichthe RGB cubeis divided.

in thesquaresn , or . Thefollowing equationgivesthe sectorof a colour
basednthe orderof magnitude®f the RGB coordinates

(15)

The cubeedgecorrespondingo eachsectors indicatedby theitalic numbersn gure 4.

We now assigna polarcoordinatesystemo thechromaticplane takingthevector asthe
origin of the angles.The angularvaluesincreaseasonemovesin an anti-clockwisedirection.
Every point (i.e. every vector) of the RGB unit cubecanbe equ'valentlywritten in termsof
RGB Cartesiarcoordinatespr 3D-polarcoordinates

One neverthelesshasdifferentequationgor cornverting from one systemto the otherde-
pendingonwhetheroneuseshe or norm.Forthe norm

(16)

andfor the  norm,onehas

(17)
The differencesarelarge enoughthatwe studymoreprecisely in sections and7, theadwan-
tagesanddisadwantage®f thetwo approaches.
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Finally, for the semi-norm , we nd for vector and its
chromaticprojection of equationl3,

(18)

which meansthat this semi-normis exclusively chromatic(it doesnot seevariationsin the
brightness).

5 Geometricderivation of a saturation term

Thesatuationandchromameasuremen@reassociateavith thelengthof thevector . Their
de nitions are:

Chroma: Thenormof isused,asdoneby Carron[2] (whousesthe norm). It assumes
its maximumvalueat the six cornersof the hexagonprojectedontothe chromaticplane.
The shapeof the resultantspaceobtainedby piling up the hexagonsis a hexconeor
double-h&cone.

Saturation: For thesaturationthe hexagonprojectedontothe chromaticplaneis slightly de-
formedinto acircle by anormalisatiorfactor sothatthe saturatiorassumegts maximum
valuefor all pointswith projectionson the edgesf the hexagon.The shapeof theresul-
tantspacas thereforeaconeor double-conePoorchoiceof thisnormalisatiorfactorhas
led to someof thelessthanusefulsaturatiorde nitions currentlyin use.

We now geometricallyderive a saturatiorcoordinatewvhich doesnot suffer from the disad-
vantagegenumerateth section2.3 andis thereforemuchmoreusefulin imageprocessingnd
analysis.Thisderiationis basednthe onefor the Levkowitz andHermanGLHS model[17].

5.1 Basicsaturation formulation

To calculatethe saturationof a colour representetby a vector in the RGB spacewe begin
by consideringthe triangle which containsall the colourswhich have the samehueas (iso-
huetriangle),shavn in gure 5a. The achromaticaxis alwaysforms one of the sidesof this
triangle. The vector givesthe position on the achromaticaxis in
RGB coordinate®f the brightnessralueassociatedavith . Theiso-brightnesdine associated
with is the intersectionof the iso-huetriangle and iso-brightnesssurface,and hence
passeshrough and . By de nition, all theiso-brightneséinesin thetriangleareparallel.
Thepointwith thesamehueas lying furthestaway from theachromatiaxisis labeled
This point necessarilyies on oneof theedgesf the RGB cube.

Traditionally, the saturatioris de ned asthefractiongivenby thelengthof thevectorfrom

to , divided by the length of the extensionof this vectorto the surface of the RGB

cube.This de nition producesa spacdn theform of acylinder. We call thistype of saturation
a cylindrical saturation. The problemsinherentin the useof this saturationde nition have
alreadybeendescribedn section2.3.

In orderto keepthe conicalform of the space;t is necessaryo changethe de nition of
the saturation. In gure 5a, insteadof dividing the length of the vectorfrom to by
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Figure5: (a) Diagramusedin the derivation of a generalsaturationexpression.(b) Diagram
usedin the derivation of the simpler saturationexpression. Both diagramsshaw the triangle
which containsall the pointswith the samehueas .

the length of its extensionto the edgeof the cube,we divide it by the length of the vector
between and . Thisis thelongestvectorparallelto theiso-brightneséines,which
necessarilyintersectshe third vertex of the triangle. We thereforehave the following
generalde nition of saturation

(19)

which givesthe naturalconic or bi-conic form to the 3D-polar coordinatecolour space,and
which additionallyis independenbf the choice of the brightnessfunction. A proof of this

independencés presentedn appendixA. This saturationcalculatedfor gure 1lais shavn

in gure 2d. It is clearthatthe defectsassociatedvith the cylindrically shapedHSV andHLS

modelsare not present. The colourful regions always have saturationvalueshigherthanthe

surroundingmonochromatidackground.Furthermore pnewould obtainthe samesaturation
valuesirrespectve of the brightnesgunctionused.

5.2 A simple expressionfor the saturation

In this sectionwe useequationl9to derive avery simplesaturatiorexpressionFor thisderva-
tion, we choosethe iso-brightnessurfacesto be parallelto the nearesside of the RGB cube
which intersectghe origin (which we arefreeto do dueto theindependencef the brightness

andsaturation).Thisis the planefor sectors and , the planefor sectors and ,
andthe planefor sectors and . Thebrightnesgunctionproducingsuchiso-brightness
surfacess

(20)
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At rst, we consideronly sector , which containspoint asshavnin gure 5h.

Thebrightnessrectorof is , dueto beingin sector . We project onto
the planeresultingin point  whichis thesamedistancerom theorigin as isfrom
. Thecoordinateof aretherefore . We thenconstructhe line between
and in the planeparallelto the cubeedgebetween and , forming two similar
triangleswith vertices , and ,and , and . Thefollowing relationis thereforevalid:
(21)

Thetermontheleft is simply the de nition of saturationgivenby equation19. On theright,
, andasthe coordinateof are , . Hencethe
saturation , Whichin sector , is equivalentto

(22)

The derwvationis easily donefor the other ve sectorsto showv that equation22 is valid for
themall. Thesimplesaturatiorexpressiorobtainedfor the non-g/lindrically shapedHSV and
HLS spacegqsection2.4), is thereforeobtainedfrom the generalsaturationde nition. The

expressionis in fact a semi-norm,as proved in appendixB. We returnto this
saturatiorexpressiorin section8, in which we suggesanimprovedversionof the HLS space.
We rst considerthe consequencesf strictly imposingeitherthe or  normonthe RGB
space.

6 Theframework ofthe norm

We expectthis normto be the bestadaptedo the problem,asit is basedon the Pythagorean
theoremwhich interpretsthe normin termsof vectorlengths. In addition,the scalarproduct
which accompanieg is anindispensabléool for calculatingangles.
The corversionequationdrom the RGB coordinatesystemareeasyto determine.We call
thenormsof thevectorsprojectedontotheachromati@xisandthechromaticplanerespectrely
and , boththesenormsbeingscaledo therange . Theangle iscalled .Byusing
relation16 and gure 3a,thefollowing canbederived

— (23)

- (24)
(25)
Notethat isameasuremertdf thechromaasit is simplythenormof  multiplied by a

constantWe cancorvertthis chromainto asaturatiorby applyingequationl9in thechromatic
plane ,whereit is equivalentto

— (26)
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in which is thedistancdrom the origin to the edgeof thehexagonfor agivenhue |, that
is, the maximumvaluethat canbe taken by the norm of a projectedvector with hue
The red-yellov sectorof this hexagonis reproducedn gure 3b, in which the uppervertex is
attheorigin , thelower left vertex is the projectedredvector , andthethird vertex the
projectedyellow vector . It is simpleto show using gure 3bthat

(27)
for . To make this equationvalid for the valuesof , it is sufcient
toreplacethe in theequationby

where (28)

Notethatthissaturatiorexpressior(equatior26) givesexactlythesamevaluesasthe
expressionasthey arebothderivedfrom the samede nition.

Thecalculationof theangle in gure 3ais donein termsof thescalarproductbetweerthe
vectors and as

(29)

— (30)

in which indicatesthe scalarproductof the two vectors. The possiblevaluesfor are
between and , andit is thereforenecessaryo expandthis rangeof valuesby using

(31)

Formally, the problemis solved. Thevariables , , and areexpressedn terms

of , and . Neverthelessjrrespectve of the theoreticalequivalenceof the two systems,

the inversetransformations not simple. It is desirableto simplify this pure  norm system
eitherby usinganothemorm,whichis consideredn the next section,or by usinga mixture of
differentnorms,discussedh section8.

7 The framework ofthe norm

In this section we continueto usethe samevectorspacewith the decomposition ,
butwe assignthe  normto thevectorsof thespace.

7.1 Brightnessand chroma

Becausehe , and coordinatesregreatethanorequaltozero,the norm(equationl?)
of thevector issimplythesumofthe , and componentsAs we wishthevalueof the
brightnesgo bein therange , we take it to bethearithmeticmeanof thecomponent®f

- (32)
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We notethatif two points and havethesameprojection ontheachromatiaxis,we have
, andby applicationof thetriangularinequalityone nds that :
Thechroma is de nedasbeingproportionaltothe  normof thevector , thatis

- (33)

The constanensureghatthe chromavalueslie in therange , asthe expressiorwithin the
parentheselsasa maximumvalueof obtainedwhentwo of thecomponentfiave anextremal
value,andthethird hasthe oppositeextremalvalue. The saturations zerowhen ,
i.e. whenthepoint liesontheachromaticaxis.

In orderto remove the absolutevalues,linked to the choiceof the  norm, from equa-
tion 33, it is necessaryo nd the maximum, medianand minimum of , Which we
denoteas , and . As equation33 is symmetricin termsof , and ,itis
sufcient to adopta cornvention,for example

(34)

and,in the calculation,to replace by , by and by . Whenthe component
orderin relation34is true,the rst termof equation33is positive andthethird is negative. The
seconderm,which hasavariablesign,distinguishedbetweernwo cases:

1. if , Or equialently , then
- - (35)
2. if , Or equialently , then
- - (36)
For , we nd for bothforms:
- (37)

Thehue,beinganangle,is calculatedn thesamewayasforthe  norm,usingequations80
and31.

In summary despitethe presencef two casedor the saturationthe transformatiorequa-
tions32,35and36 make up alinearsystemmuchsimplerthanin thecaseof the  norm.The
huecalculation's themostcomple, andwe now developanapproximatiorof thetrigonometric
hue.

7.2 Simpli ed calculation of the huein the  space

The following approximationis largely basedon the approachpresentedn [17]. Firstly, we
limit ourselesto vectorshaving andnon-zerochroma.Their projectionsontothe
chromaticplaneform thetriangle in gure 3a.Becaus¢hehueoriginisthevector ,the
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angle in gure 3avariesfrom to /zinradiansprcorventionallyfrom to . Toapproximate
, we bagin with the hue-fractionequationin the HLS system thatis , andwe
transposet mutatismutandis thatis to say by replacing , Which correspondgo
the saturationn the HLS systempy our corresponding normchromaexpression(differing
only by a factor) and taking into accountthe duality of the two chromaexpressions.More
precisely becausehe line is parallelto theline  in the plane,when varies
from to ,thepoint of the planedescribeghe half-diagonal , andits projection
describeshesggment of thechromaticplane.Thepoint , theintersectiorof theplane
(which containsthe achromaticaxis) andtheline , dividesthetwo zones

having differentchromade nitions. In the projection,the point givesthepoint
, which correspondso thevalue
Asthevalue of theHLS systencorrespond$o thesaturationye replacet here

bythe normchroma

— (38)
We have for . Thefactor isdeterminedy theconditionof having at
, whichgives . When , theduality suggestshereplacement
of by ,and by , or
- (39)

In fact,at point , thechroma takesthe samevalueof / in thetwo modes,andwe nd
. Finally, at the extremity of the rangeof , we seeby usingpoint or point , that

We canreduceequations38 and39 which de ne  to a singleequationby makinguseof
thecritical element . We nd

(40)

which demonstratethe equivalencerelations
- (41)
= (42)

A simplenumericalexperimenthasshovn thatthe maximumdifferencebetweerthis hue ap-
proximation andthetrigonometrichueis thesameasfor theapproximatiorsuggesteth [17],
thatis

7.3 Colour spacecorversionsin the  space

Theprecedingesultdeadto thefollowing corversionformulaefor theconversion

(43)
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When , or equialently, when , thetransformations invertedas

- - (44)
andfor (or as

- - (45)
Thedomainonwhich theequationsarede ned (withouttheachromatic
axis) correspondso thetetrahedron in the gure 4. The coefcients of system43 were
chosensothat and vary between and , which doesnot necessarilymeanthat

they alwayscorrespondo pointsinsidethetetrahedron.Thefollowing equivalencerelationis
nevertheles®asilyveri able

- - (46)

In practice,this conditionis not too limiting, asit is simpleto prevent operatorsappliedto
vector , expresseds from giving aresultoutsidethe RGB cube.

Thelastcaseto studyis thatin whichthevector lies ontheachromaticaxis,i.e. thecase
for which . Thesystem43is no longervalid, aswe introducea division by zero,
andmustbereplacedy

- - (47)

whichshavsthat isindeterminateThis doesnot meanthatit is impossibleto nd thecolour
, but thatthe chromaticintensity is zero.

7.4 Conversionsto the completedigital cube

We move from onesectorof the RGB cubeto anotherby addingto  the sectornumbergiven
by of equationl5. The hueis thereforeapproximatedy

(48)

of the samestructureasin the HLS system. The coefcient determineghe working units:

for degreesand to getresultingvaluesbetween and  which t into 8-bits.

In parallelto the corversionfrom to , it is corvenientto rewrite the brightnessand

saturatiorin termsof : and  functionswhichleadsto thereplacemenof systen43
by

- (49)

) (50)

= (51)
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This systemof equationgs alsovalid for 8-bit RGB values,andthe resultingcoordinatesare
encodableon 8-bitsif is used.lIt is importantto noticethatfor discrete , and
inputlevels, takesvalueswhicharemultiplesof / (i.e. discretelevelsbetween and
). Careshouldthereforebetakenwhenroundingoff thesevaluesfor an8-bit representation.
For theinversetransformationthevalueof  gives,via , the orderof magnitudeof ,

and andthevalueof . Basedonwhether is or , We usesystermd4 or 45
replacing , ,and bythecomponent®rderedaccordingto thevalueof , andreplacing
by
8 The semi-normand animproved HLS space

We now returnto the HLS systemandsuggestanimprovementwhich overcomeghedisadan-
tagedinkedto theclassicsaturatiorde nition. Wewill referto this spaceastheimprovedHLS
or IHLS space.In fact, it is not necessaryo modify the HLS spacemuchin orderthatit be
compatiblewith the threeprerequisites.lt is sufcient to passfrom its cylindrical versionto
the conicversion,which is doneby replacingthe HLS saturatiorby the function

A proofthatthis quantityis a semi-normis givenin appendixB. We now brie y conS|derthe
threecomponentsf the IHLS system.

8.1 Saturation

The semi-norm obviously satis esthe rst prerequisiteon the independence
of the projectionontothechromaticplane.Addingto point avectorparallelto theachromatic
axis simply reducedo addingthe sameconstanto every componenbf the vector
which doesnot modify the value of . In particular in the RGB spacethe vector
andits projection onthechromatlcplaneha/ethesamevaluefor

On the otherhand,this semi-normis not invariantby projectiononto the achromatlcams
in contrastto  and . Asthepoint approacheshe achromaticaxis,thevalueof gets
smaller becomingzerowhen is on the achromaticaxis. The projection of the vector
onto this axis alwayshasa value of zerofor the semi-norm . It is thereforeimpossibleto
build arepresentatiobasednly onthis semi-normwhichis blind to brightnessHowever, we
seealsothatfor all thevectorsin the chromaticplane(andonly for thesevectors) the quantity

becomesa norm. This is why we useit for the saturation,complementingt by

takingthe or normontheachromatiaxis.

8.2 Brightness

The and norms,and semi-normwhich we have studiedall guaranteghe
rst prerequisiteon independencetwo differentpoints and having the sameprojection
ontothe chromaticplanehave the samesaturatiomrandthe samehue. As this propertyremains
valid independentf the norm chosenon the achromaticaxis, one caneasilyreplace  in
equation23, or in equation32 by someweightedmean (whichis still anorm)

(52)
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or evenby a non-linearestimatoy providedthatit is anorm. The huecircle remainsthe same,
giving the sameweightingto the threefundamentatolours,asdoesthe saturationgvenif this
is notthe casefor the brightnessvhichreplaces  or

8.3 Hue

For the hue,we have developedan exacttrigonometricexpressiongiven by equations30 and
31, anda simplerapproximateform given by equation51. Both thesehueformulationsstill
show evenly spacedspurioushigh valuesin the huehistogramwhenonecorvertsfrom anRGB
spacecontainingdiscretelyspacedsalues[16]. However, with the trigonometrichueformula-
tion, it is easyto remove or reducethe heightof thesehistogramspikesby calculatinga hue
histogramonly for pixelshaving a saturatiorabove a choserthreshold 10]. With the approxi-
mation,removal of the spikesis moredif cult. Dueto the high speeddf moderncomputersit
is highly recommendethatthe exacttrigonometricform be used.

9 Comparisonof the saturation and chromaformulations

We comparethe distributionsof threeof the saturationand chromaformulationsdiscussedn
this report: the saturationexpression(equation22), the ~ norm chroma(equa-
tion 24),andthe  normchroma(equations0). Thesedistributionsareshovnin gure 6.

To calculatethe distributions, we startwith a RGB cubewith a point at
eachsetof integervaluedcoordinates.For the and norms,the saturation(and
chroma)valuesof eachpoint arecalculatedas oating pointvalues),andthenroundedto the
nearesinteger Histogramsshaving the distribution of theseinteger values(256 levels) are
shavnin gure 6.

The chromameasuréhasaninbuilt quantisatiorpitfall. When , and areinteger
valuedthenthe norm isalwaysamultipleof /, andtherefore and
in equations0 arealsomultiplesof /. As bothof theseexpressionaremultiplied by / when
calculatingthe chroma, is alwaysa multiple of /. In otherwords, , and values
quantisednto levels producevaluesof  quantisednto levels. The roundingof a
oating pointvalueof  to the nearesintegerthereforebehaesextremelyerratically asthe
/ 'saresometimegoundedup andsometimesiown, dependingn whethertheir oating point
valuesarejustabove or justbelov  , therebyproducingmary spuriouspeaksandvalleysin
thehistogram.Forthe  chromadistributionin gure 6,thevaluesof  were rst multiplied
by to geta seriesof integersbetween and , andthenadjacentpairsof histogrambins
werecombinedo producethe  bin histogramshawn.

The saturationdistribution is regular and symmetricaroundthe central his-
togrambin becauseof the normalisationcoefcient which deformsthe hexagonally shaped
sub-rgionof thechromaticplaneinto acircle. Corverselythe  chromahasaratherirregular
distribution dueto thediscretespacan whichit is calculated It alsodecreasesery rapidly as
oneapproachesigherchromavaluesbecausaet is calculatedn the hexagonallyshapedsub-
region of the chromaticplane. The = normchromaapproximateshe  chromawell (if the
guantisatioreffectsaretakeninto account) andthe histogramis moreregular.
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Figure6: Thesaturatiorandchromahistograms.

10 Transformationsto and fromthe IHLS space

Two ef cient algorithmsto calculatethe luminance trigonometrichue,chromaandsaturation
from RGB coordinatearegivenhere.We emphasizéhatidentical3D-polarcoordinatevalues
areproducedoy bothalgorithms.Theinversetransformationfrom IHLS to RGB coordinates,
is alsoderived.

We have choserto useluminancebecausef its psycho-visuaproperties. Dueto theinde-
pendencef the brightnessandthe saturationpneis freeto replacethe luminance with an-
otheramplitudemeasurébrightnessluminanceor lightness).Thegiveninversetransformation
algorithm,however, only worksfor amplitudemeasuresvhicharelinearcombination®f the

and coordinatesFor otherbrightnessde nitions, suchasthoseinvolving
or functions,theinversetransformationsremorecomplicatedandwill haveto
bederived.

MATLAB routinesimplementingthe following transformationsre available at http://
www.prip.tuwien.ac.at/"hanbu ry .

10.1 RGBto IHLS

Two algorithmsfor producingexactly the samelHLS coordinatesare presentedthe second
algorithmbeingeasierto invertthanthe rst.
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10.1.1 The simplestimplementation

For the simplestimplementationpnecalculatesanamplitudemeasurgequationl, 2, or 5), the
saturationusingequation22, andthe hueusingequations30 and31. We have thereforeused
an normfor theluminancethe normfor the saturationandthe scalarproduct
of the  normfor the hue.

(53)
(54)

(55)

(56)

10.1.2 An alternative

An alternatve way of arriving at exactly the samelHLS valuesis now presented.t is based
on the algorithm suggestedby Carron[2]. The changeswith respectto Carrons versionare
the extensionto calculatethe saturatiorfrom the chroma,andthe useof luminanceinsteadof
brightness.It is alsosimilar to the IHS systemdescribedy Pratt[23], exceptfor a changen
the hueorigin anda differentsaturatiorde nition. It still usesthe  normluminanceexpres-
sion,butan  normfor the saturation.This algorithmallows a morestraightforvard inverse
transformatiorio be derivedasit containsno or functions.
The rst stepis to calculatetheluminance andtwo chrominanceoordinates

- - (57)
followed by the calculationof the chroma (this chromais equalto the chroma
derivedin theframewvork of the  normin section6)

(58)
andthehue
unde ned
— (59)
We derive from equation®24, 26 and27 the valueof the saturation
_ (60)
in which
where (61)
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10.2 Inversetransformation from IHLS to RGB

To transformcoloursrepresentedh the IHLS coordinatesystemobtainedusing eitherof the
algorithmsof section10.1to RGB coordinatespne rst calculategshe chromavaluesfrom the
saturationvalues(usingequation60)

(62)
where isgivenby equation61. Fromthechroma,onecalculates

(63)

(64)
For the casewherethe hueis unde ned: . Finally, theinverseof the matrix used
in equationb7 is usedto obtain , and

(65)

11 Application examples

Threeapplicationsn whichtheuseof thesuggestetHLS modelis advantageouaredescribed.
The rst is thecalculationof huestatisticsfor which betterresultscanbe obtainedby utilising
aweightingby saturationvalues.This saturationweightingis thenappliedin the calculationof
huehistogramsWe nally shav anexamplein which the saturatiorplaysadominantrolein a
mathematicamorphologyoperator

11.1 Colour statistics

In a 3D-polarcoordinatecolour space standardstatisticalformulae can be usedto calculate
statisticaldescriptordgor thebrightnessandsaturatiorcoordinatesThehue,ashasbeenpointed
out,is anangularvalue,socircular statisticaldescriptorg8] shouldbe calculatedor it.

11.1.1 Hue statistics

We initially summarisesomeof the standarccircular statisticsformulae. Given  huevalues
, themeandirection is the directionof the resultantvectorof the sumof
unit vectorshaving directions . Thisdirectionis givenby

— (66)

where
(67)
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andthenecessargareto takento expandtheoutputof the functionto therange
Themeanlengthof theresultantvectoris

(68)

Thevalueof themeanlengthis in therange andcanbeusedasanindicatorof thedisper
sionof thedata(similarto thevariance)lf ~,allthe  arecoincident.Corversely avalue
of doesnotnecessarilyndicateahomogeneoudatadistribution,ascertainnon-homogeneous
distributionscanalsoresultin this value.

11.1.2 Saturation-weightedhue statistics

The calculationof statisticsbasedonly on the hue,describedabove, hasthe disadwantageof
ignoringthe closerelationshipbetweerthe chrominanceoordinateghueandsaturation).For
weakly saturateaolours(greylevels),the huevalueis unimportant.Indeed for zero-saturated
colours,the huevalueis meaningless.We cantake thesedifferentlevels of importanceinto
accountn the statisticsby weightingthe huesby their correspondingaturations.
Given pairsof valuesthehue andits associatedaturation , we proceedasbefore,

exceptthatinsteadof nding theresultanof unit vectorsthevectorwith direction  haslength

. The huesassociateavith smallsaturationvalueswill thereforehave lessin uence on the
directionof theresultantvector This weightingis simply doneby replacingequation67 by

(69)

andreplacing and inequatior66by and .Wedenoteby theresultansaturation-
weightedhuemean.The meanlength(equation68) becomes

In practice,for imageswhich containonly stronglysaturateatolours,thereis notasigni -
cantdifferencebetweernthe valuesof weightedandunweightechuemeans.Figure11bshovs
animagein whichthisdifferencds important.Asis visiblein gure 7a,thesaturatiorof thetwo
brown cellsis higherthanthesaturatiorof thesurroundingsFor thisimage theunweightechue

meanis , andthesaturation-weighteHuemeanis . To shaw thediffer-
ence,thresholdson the huebandimagewere calculatedfor the intervals
and o , andtheseareshovnin gures 7band7crespectrely. On examin-

ing theseimagesit is clearthethe saturation-weighteduemeancorrespondso the hueof the
mosthighly saturatedegions,the two cells, whereaghe unweightedhue meanis skewed by
thehuesassociateavith the surroundingow-saturatiorregions.

11.2 Hue histograms

Huehistogramsreoftenusedasanimagefeaturefor retrieval of colourimagesrom databases.
In thesehistogramspnegenerallywishesto excludeachromati@ndnearachromatiqixels,for
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@) ()
Figure7: (a) Saturatiorof gure 11h (b) Pixelsof gure 11bwith huevaluesin theinterval

on eachsideof the non-weightechuemean . (c) Pixelsof gure 11bwith
huevaluesin theinterval - aroundthe saturation-weighteduemean.

which the hue haslittle meaning.As the traditional (cylindrical) saturations essentiallyuse-
lessin discriminatingbetweenachromaticandchromaticcoloursin the low-brightnesgart of
the HSV spacea numberof heuristics,summarisedy Stokmanand Gevers[29], have been
used. Tico et al. [30], for example,suggesusingthe standarddeviation of the , and
coordinatesn conjunctionwith afuzzy membershigunctioncontainingtwo userspeci ed pa-
rametersto calculatea weight differentiatingbetweenchromaticandachromaticcolours,the
basicideabeingthatthemorecolourful (highersaturatedpixelsreceve higherweightingin the
huehistogramthanthelesscolourful (lower saturatedpnes.The saturatiormeasuremergug-
gestedn this reportcanbe directly usedassuchaweight. In building the saturation-weighted
huehistogramfor the speci ¢ caseof the hueshaving beenroundedto the nearestnteger, the
totalin bin of the histogramis simply calculatedas

wherethe sumis over all the pixel positions in theimage, and arerespectrely the
hueandsaturationat point , and is the Kronecler deltafunction. A saturation-weighted
brightnesshistogramcan be calculatedanalogouslyby usingthe inverseweighting ,
therebyprivileging the low saturation(achromaticixels. An alternatve saturationveighting
for the hue,which shiftsthe huevaluesaroundthe circle, is describedn [11], whereit is used
in the context of colourorderingfor mathematicamorphology

11.3 Mathematical morphology and the lattice approach

The applicationof mathematicamorphologyto colourimagesis dif cult dueto the vectorial
natureof the colour data. The mostcommonlyadoptedapproachs to useone of the vector
orderssuggestedby Barnett[1]. Thelexicographicalorder is corvenientasit imposesa total
orderon the vectors,therebyensuringthatthereareno pairsof vectorsfor which the orderis
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Figure8: (a) Luminanceof gure 12a. (b) Saturationof gure 12a. (c) Thetop-hat— the
Euclideandistancebetweerthe correspondingixelsin gures 12aandb.

uncertaincontraryto the mamginal andreducedorders[4]. Theuseof alexicographicalorder
directly in the RGB spacerequiresthatoneof the coloursred, greenor blue be arbitrarily ele-
vatedto adominantrole. Themorehomogeneou3D-polarcoordinataepresentationanavoid
thisdisadwantagelt is oftensuggestethatusingalexicographicabrderwith abrightnessnea-
sureat thetop level givesthe “best” results[18, 19], althoughcertainproblems(oneof which
is shawvn in this section)canbe solved by the useof a lexicographicalorderwith saturatiorat
thetop level.

Considerthe colour imagein gure 12a,in which we have given oursehes the task of
extractingthe grey lines betweenthe mosaictiles. The luminanceimagein gure 8ashows
thatsomeof thetiles have alower luminancethanthe grey lines,whereathershave a higher
luminance.In thesaturationmageof gure 8b,oneseeghatthe saturatiorof thegrey linesis
almostalwayslower thanthat of the more colourful tiles. We thereforechoosethe following
lexicographicabrderbetweerary two vectorsin 3D-polarcoordinates

(70)

26



wherethesymbol onthelastlevel representtheacuteanglebetweertwo angularvaluesi.e.
(71)

Thevariable  onthethird level of the lexicographicalorderis the positionof the origin of
thehuecircle. As thethird level of alexicographicalorderis hardly ever usedin practice[12],
its valuedoesnot have mucheffect ontheresults.Applying a morphologicaklosingusingthis
orderwith asquarestructuringelemenbf size pixelsto gure 12aproducesgure 12b,in
whichoneseedhatthetiles have beenexpandedo coverthegrey lines. Finally, aform of top-
hat[28] is calculatedby determiningthe Euclideandistancgin 3D-polarcoordinatespetween
the correspondingixels of gures 12aand12bto give the greyscaleimagein gure 8c, in
whichthe pixelswith highestgreylevelscorrespondo thefeaturesve wish to extract.

The useof the Euclideandistancen this spacedoesnotimply thatit is in any way percep-
tually uniform. Neverthelessthe magnitude®f the Euclideandistancegive a goodindication
of the magnitudeof the colour differences.In mary imagingapplicationsgspeciallyin mul-
timedia,onedoesnot have accesgo the calibrationdatanecessaryo corvertto a perceptually
uniform space,suchasthe CIE L*a*b* space. This colour differenceapproximationcould
thereforebe usefulin thesecases.

Thelexicographicalorderwith saturatioratthe rst level is usefulin situationswhereone
wishesto distinguishbetweencolourful and non-colourfulobjectsor regions. This could be,
for example,in theisolationof a non-saturategpghaseamongstseveral othersin geologicalor
biologicalapplicationspr the extractionof colourful blobsfrom a grey background.

12 Conclusion

The 3D-polar (hue, saturationand brightness)coordinatecolour representatiorsystemscur-
rently in useareoften unsuitedto imageprocessingandanalysis. The principal reasons the
arti cial expansionof the natural(conic or bi-conic) shapesof thesespacesnto cylindrical
form, by dividing eachsaturationvalueby the maximumsaturatiorpossiblefor the associated
brightness.While this cylindrical shapes corvenientfor colour speci cationor choiceappli-
cationsjt is completelyunsuitabldor imageprocessingindanalysidor thefollowing reasons:

Colourswhich appearalmostachromaticcanreceve high (or even maximal) saturation
values.

Becausehe saturatiomormalisatiordepend®n the brightnesgunction,thesetwo coor
dinatesarenotindependent.

Comparisorbetweensaturatiorvaluesis meaninglessas eachsaturationis normalised
by a differentfactor

We presentthree prerequisitedor 3D-polar coordinatecolour systemsto be suitablefor
imageprocessin@ndanalysisandthenderivesystemsusingthe , and norms.
Transformatiorsystemgo andfrom the  norm spaceandthe improved HLS (IHLS) space
arepresented.The  spacetransformationsrelinearandincludea linear approximationof
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the hue. This spaceshouldthereforebe usedif very ef cient transformationsrerequired.The
IHLS spaceis more suitedto imageanalysistasks,asit permitsa wide choiceof brightness
functionsanddoesnot approximatehe hue. Any 3D-polarcoordinatesystemis very closely
tied to the RGB space peingsimply a differentrepresentationf it. It thereforedoesnot have
ary of thegoodpropertiesof the L*a*b* or L*u*v* spacessuchasperceptualiniformity. Its
advantagesirethatthe corversionalgorithmis very simple,andthatno colourcalibrationdata,
suchasthe white point coordinatesarerequired.This calibrationdatais usuallynot available
in multimediaapplicationsfor example.

Threeapplicationsdemonstratinghe good propertiesof the suggestedaturatiormeasure
aregiven. Thecalculationof statisticsof the hueweightedby the saturatiorandthe determina-
tion of thesaturation-weightetuehistogramusethefactthatthesuggestegaturatiormeasure
is alwayssmallfor nearachromaticcolours. The mathematicamorphologyapplicationtakes
advantageof the ability to do comparison®etweerthe saturatiorvalues.

In summarymuchconfusionandincompatibility betweerresultsin colourimageprocess-
ing andanalysiscould be avoidedby the useof the suggeste@D-polarcoordinatesystem.

A Proof of the independenceof the proposedsaturation and
the brightnessfunction

We give a proof of theindependencef the brightnessandsaturationstatedin section5. Con-
siderthetriangleshavnin gure 5a,which containsall the pointswith thesamehueas . This
triangleis reproducedn gure 9 to facilitatethefollowing proof.

Proposition A.1. Theproposedsaturationde nition

(72)
is independenof the choiceof the brightnesgunction.
Proof. Referto gure 9. Theiso-brightnessinesbetween and andbetween
and areby de nition parallel.By addingtheline between and whichis parallelto theline
between and , We createtwo similar triangleswith vertices , and :
respectrely. We hencehave therelation
(73)

Thisrelationis truefor any brightnesgunction,aslongastheiso-brightnessurfacest produces
areparallel.Hence theproposedaturatiorde nition is independenof thebrightnesgunction.
0]
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w=(1,1,1)

Lc)

Llac)

a(c)

0=(0,0,0)

Figure9: Thetriangleof gure 5awhich containsall the pointshaving thesamehueas . The
achromaticaxisis attheleft, betweernthepoints and

B Proofthat IS asemi-norm

Proposition B.1. In a vectorialspace of nite dimension andin which thevector has
coorinates , thequantity

(74)

(75)
IS a semi-norm.
Proof. Firstly we obsere thatfor ary setof values , the quantity
cannotbe negative. For every , we obviously have . It remainsto showv
the validity of the triangularinequalityassociateavith eachpair of points in  bythe
relation

(76)
We rst shaw that

(77)
Take for the th coordinatethe onewhich maximises ,l.e.

, . Itisobviouslynotpossibleo have and , With

Suppose¢hereforefor examplethat and for anindex
It followsthat

(78)
Onecanprove in exactly the sameway that , from whichit
is possibleto establishnequality 76 by subtractionwhich completeghe proof. O
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(a) ConicHSV (b) Cylindrical HSV (c) Bi-conicHLS (d) Cylindrical HLS

Figurel0: Slicesthroughthe conicandcylindrical versionsof theHSV andHLS colourspaces.
Thebrightnessncrease&rom bottomto top, andthesaturatiorincreasefrom thecentre(achro-
matic axis) outwards. Coloursto the right of the centralachromaticaxis have huesof , and
coloursto theleft have huesof

(b)

Figurel2: (a) Colourimage(size pixels). (b) A morphologicaklosingof image(a)
usingalexicographicabrderwith saturatioratthe rst level.
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