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Abstract

Theprocessingandanalysisof colour imageshasbecomeanimportantareaof studyandappli-
cation.Therepresentationof theRGB colourspacein 3D-polarcoordinates(hue,saturationand
brightness)cansometimessimplify this taskby revealingcharacteristicsnot visible in the rect-
angularcoordinaterepresentation.The literaturedescribesmany suchspaces(HLS, HSV, etc.),
but many of them,having beendevelopedfor computergraphicsapplications,areunsuitedto
imageprocessingandanalysistasks.We describethe �a ws presentin thesecolourspaces,and
presentthreeprerequisitesfor 3D-polarcoordinatecolourspaceswell-suitedto imageprocessing
andanalysis.We thenderive3D-polarcoordinaterepresentationswhichsatisfytheprerequisites,
namelya spacebasedon the

���

normwhich hasef�cient lineartransformfunctionsto andfrom
theRGB space;andanimprovedHLS (IHLS) space.Themostimportantpropertyof this latter
spaceis a “well-behaved” saturationcoordinatewhich, in contrastto commonlyusedones,al-
wayshasa smallnumericalvaluefor near-achromaticcolours,andis completelyindependentof
thebrightnessfunction. Threeapplicationstakingadvantageof thegoodpropertiesof theIHLS
spacearedescribed:thecalculationof asaturation-weightedhuemeanandof saturation-weighted
huehistograms,andfeatureextractionusingmathematicalmorphology.
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1 Intr oduction

Thenumberof applicationsrequiringcolourimageprocessingandanalysisis growing continu-
ously, in particularin themultimediadomain.Importantproblemscurrentlyunderstudyinclude
theaccuratereproductionof colourson differentoutputdevices[15], andthedevelopmentof
reliablealgorithmsfor processingcolour images[24]. Thedevelopmentof thesealgorithmsis
mademoredif�cult by thevectorialnatureof colourcoordinates,aswell asby thelargenumber
of colourrepresentationmodelsavailable,allowing a certaincolourto beequivalentlyencoded
by many setsof coordinates.

Representationsof the RGB colourspacein termsof hue,saturationandbrightnesscoor-
dinatesareoften used. Theserepresentationssuffer from somedefects,suchasthe presence
of unstablesingularitiesandnon-uniformdistributionsof their components,asdescribedby
Kender[16]. Nevertheless,they canbemoreintuitive thantheRGB representation,andcould
revealfeaturesof animagewhicharenotclearlyvisiblein thisrepresentation.They donothave
all thegoodpropertiesof theL*a*b* or L*u*v* spaces,but aresimplerto calculate,anddonot
requireany calibrationinformation.Eventhoughthetransformationfrom RGB to hue,satura-
tion andbrightnesscoordinatesis simplya transformationfrom arectangularcolourcoordinate
system(RGB) to a three-dimensionalpolar (cylindrical) coordinatesystem,oneis facedwith
a bewildering arrayof suchtransformationsdescribedin the literature(HSI, HSV, HLS, etc.
[25]). This resultsin a confusingchoicebetweenmodelswhich essentiallyall offer the same
representation.Indeed,physicistshave,asanaid to problemsolving,beenroutinelyconverting
betweenrectangularand3D-polarcoordinatesystemsfor many decadeswithout similar model
choiceproblems.Is it not possibleto achieve this simplicity in colourrepresentation?

In this technicalreport,we �rst discussthe existing hue,saturationandbrightnesstrans-
formsandtheir shortcomingswhenusedin imageprocessingor analysis(section2). Section3
describes,in termsof vector independenceand vector norms, the prerequisitesfor a useful
3D-polarcoordinatecolourrepresentation,andsection4 summarisesthebasicpropertiesof the
RGBvectorspaceusedin thederivationof thisrepresentation.Wepresentageometricalderiva-
tion, in section5, of anexpressionfor calculatingthesaturationof anRGB vector. Sections6
and7 considertheconsequencesof restrictingoneselfto usingrespectively only the

���

and
� �

vectornormsin the derivationof the 3D-polarcoordinates.An improvedHLS (calledIHLS)
coordinatesystemis thensuggestedin section8. We give a brief comparison,in section9, of
thedistributionsof thesaturationandchromaexpressionsdiscussed.Ef�cient transformations
betweenthe RGB spaceandIHLS systemarepresentedin section10. Finally, threeapplica-
tion examplesusingthe suggestedcoordinatesaregiven in section11: the calculationof hue
statistics,saturation-weightedhuehistograms,and featureextraction in colour imagesusing
mathematicalmorphology.

2 Existing colour spacetransforms

In this section,we �rst review the standardde�nition of the termsusedto describecolour
intensity(section2.1). An overview of themethodof convertingRGB coordinatesto 3D-polar
coordinatesis thengiven(section2.2). Lastly, we discusstheproblemsarisingwhenusingthe
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currentlypopularversionsof thesespacesin imageanalysis,andthe reasonsfor which they
occur(section2.3).

In theRGBspace,coloursarespeci�edasvectors
�����������
	

whichgivetheamountof each
red,greenandblueprimarystimulusin thecolour. For convenience,we take

��������������������

so that the valid coordinatesform the cube
������������������������������

. For digital images,these
coordinatesareusually8-bit integers,but it is easyto generalisefrom

��������

to any rangeof
values.

2.1 Brightness,luminanceand lightness

The termsbrightness, luminanceandlightnessareusedto describethe intensityof a colour.
They areoftenusedinterchangeably, althoughthey have speci�c de�nitions assignedto them
by theCIE (InternationalCommissionon Illumination). Thesestandardde�nitions are[5, 22]:

Brightness: Attributeof avisualsensationaccordingto whichanareaappearsto emitmoreor
lesslight. This attributeis measuredsubjectively andhasno unitsof measurement.

Luminance: Luminanceis the luminousintensityper unit surfacearea,measuredin the SI
unitsof candelapersquaremetre( �����! 

�

). Luminousintensity(unit: Candela)is radiant
intensity (unit: "�#!$%$%&��!&'$)(�*%#+�-,.#+/ ) weightedby the spectralresponseof the humaneye.
The luminancemeasurethereforetakes into accountthat for threelight sourceswhich
appearred,greenandblue,andhave thesameradiantintensityin thevisible spectrum,
thegreenonewill appearthebrightest,andtheblueonethedimmest.

In the internationalrecommendationfor thehigh de�nition television standard[14], the
following weightsfor calculatingluminancefrom the(nongamma-corrected)red,green
andbluecomponentsaregiven:

0

�213	546��798��:8+;<�>=?��7A@��CB+8+�D=>��7A�<@<8<8+�

(1)

Lightness: A measurementwhich takesinto accountthenon-linearresponseof thehumaneye
to luminance.A sourcehaving aluminanceof only 18%of areferenceluminanceappears
abouthalf asbright [21]. TheCIE useslightnessin theirL*a*b* andL*u*v* spaces.

To avoid repeatedlywriting out all threeof theseterms,we assumethat luminanceandlight-
nessfunctionsarepart of the setof brightnessfunctions,andhenceare includedwhenonly
brightnessfunctionsarementioned.

2.2 Overview of the transformation fr om RGB to 3D-polar coordinates

Thebasicideabehindthetransformationfrom anRGB coordinatesystemto a hue,saturation
andbrightnesscoordinatesystemis describedby Levkowitz andHerman[17]. One�rst places
a new axis in the RGB spacebetween

�����������<	

and
�E�<���<���C	

. This axis passesthroughall the
achromaticpoints(i.e. thosewith

��4F�G46�

), andis thereforecalledtheachromaticaxis. One
thenchoosesa function

�

�213	

whichcalculatesthebrightness,luminanceor lightnessof colour
1H4I�������J�)�
	

. Theform chosenfor
�

�213	

de�nestheshapeof theiso-brightnesssurfaces.The
iso-brightnesssurfaceK containsall thepointswith abrightnessof K , i.e. all thepointssatisfying

2



therelation �

1 4I�����������
	��

�

� 13	54

K�� . Theseiso-brightnesssurfacesarethenprojectedonto
aplaneperpendicularto theachromaticaxisandintersectingit attheorigin,calledthechromatic
planeasit containsall thecolour information. Thehueandsaturation or chromacoordinates
of eachpoint arethendeterminedwithin the plane,wherethehuecorrespondsto the angular
coordinatearoundtheachromaticaxis1, andthesaturationor chromacorrespondsto adistance
from theachromaticaxis.

To visualisetheshapeof theresultingspace,thepointsof eachiso-brightnesssurface K are
projectedonto a chromaticplaneintersectingthe achromaticaxis at K . The solid correspond-
ing to a colourspaceis constructedout of thesub-regionsof eachchromaticplanecontaining
projectedpoints. Theform of this solid dependson thebrightnessfunctionchosen,asis now
demonstratedfor theHSV andHLS models(basedon thediscussionin [17]).

2.2.1 The HSV model

Thebrightnessfunctionusedin theHSV modelis
�����
	

��13	 4

 #��
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(2)

To visualisetheiso-brightnesssurfacecorrespondingto brightnessK , begin with thecubehaving
principaldiagonalbetween

�2���)����� 	

and
�

K

�

K

�

K

	

. Theiso-brightnesssurfaceconsistsof thethree
facesof thecubewhichcontainthevertex at

�

K

�

K

�

K

	

, anexampleof which is shown in �gure 1a.
Whenthis surfaceis projectedontothechromaticplane,oneobtainsa hexagon.It is clearthat
thesurfaceareasof thesehexagonsareproportionalto K , andhencethesolidcreatedby stacking
thesehexagonsis ahexcone.A verticalslicealongtheachromaticaxisthroughtheHSV colour
spaceis shown in �gure 10a.

For completeness,we givethecommonlyusedHSV modelsaturationandhueexpressions
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is multipliedby
;<�DC

to getahuevalue
4E���
	

in degrees.

2.2.2 The HLS model

Thebrightnessfunctionusedin theHLS modelis

���=FG�

� 13	54

 #.�
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 , /
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8 (5)

1The fact that hue is an angularvalue, and thereforehasa periodicity of HAI�J�K , is often ignoredin colour
imageanalysis.Onecannotsimply take theminimumof thehueto be JGK andthemaximumto be H�IAJLK , asthese
coordinatescorrespondto thesamepointonthecircle! Furthermore,eventhoughtheorigin is traditionallychosen
to bein theredpartof thehuecircle, thisdoesnot imply thatredis moreimportantthantheothercolours.Further
discussioncanbefoundin [13, 20].
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(a) (b)

Figure1: Exampleiso-brightnesssurfacesfor twodigital colourspacesin whichthecoordinates
areencodedusing8 bits. (a) HSV for K

4

B

�

. (b) HLS for K

4�8!�
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For brightnessK , onecanvisualisethe iso-brightnesssurfaceby startingfrom the cubewith
principaldiagonalbetween

���������)� 	

and
� 8

K

� 8

K

� 8

K

	

for K��

�

�

�

, or with principal diagonalbe-
tween

� 8

K��

�<� 8

K��

�<��8

K��

�C	

and
�'�<���<���C	

for K��

�

�

�

. Theiso-brightnesssurfaceconsistsof the
six trianglesinsidethecubewith edgesformedby the lines betweenthepoint

�

K

�

K

�

K

	

andthe
six verticesof thecubewhicharenoton theachromaticaxis.An exampleof this iso-brightness
surfaceis shown in �gure 1b. Theprojectionof this surfaceonto thechromaticplanealsore-
sultsin ahexagon,exceptthatfor this model,thelargesthexagonis foundat K

4

�

�

�

. Thesolid
producedby stackingthesehexagonsis thereforea double-hexcone.A verticalslicealongthe
achromaticaxisthroughtheHLS colourspaceis shown in �gure 10c.

For the HLS model,the huecalculatedasfor the HSV model(equation4), andthe com-
monlyusedsaturationexpressionis
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2.3 Problemsarising whenusing thesespacesfor imageanalysis

TheHSV andHLS colourspacesweredevelopedduring the 1970's for easynumericalspec-
i�cation of coloursin computergraphicsapplications[26]. In this context, the hexconeand
double-hexconeshapesof thespacesareinconvenient,asit wouldbeeasyfor auserto acciden-
tally specifycoordinateswhich lie outsidethecolourgamut.As computersof thetimewerenot
veryspeedy, additionalcheckingto avoid thiswouldhavebeenunacceptable,sothesolutionof
expandingthecolourspacesinto cylindrical form wasadopted.This is easilydoneby de�ning
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thesaturationastheratio of theactualdistanceof apoint from theachromaticaxisto themax-
imum distancefor the correspondingbrightnessvalue. The HSV coneandHLS double-cone
aretherebyexpandedinto cylinders. Vertical slicesthroughthesecylindersareshown in �g-
ures10bfor theHSV space,and10dfor theHLS space,to becomparedwith theslicesthrough
theconic andbi-conicversionsof the spacesin �gures 10aand10c respectively. Indeed,the
commonlyusedsaturationexpressions(equations3 and6) describesuchcylindrically shaped
spaces.Thedependenceof thesesaturationmeasureson thecorrespondingbrightnessis easily
seen.For example,given the de�nition of brightnessin the HSV space,the �rst level of the
HSV saturationexpression(equation3) caneasilyberewrittenas

�

�

 , /

�2���)�J����	

�����
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TheHLS saturationcanalsoeasilybe rewritten in termsof
� �=FG�

. Thesecylindrically shaped
colourspaceshave unfortunatelybeenadoptedby the imageanalysiscommunity(andimple-
mentedin imageanalysissoftware2), leadingto thewidespreaduseof anunsuitablede�nition
of saturation.

To demonstratetheunsuitabilityof thecylindrically shapedspacesfor imageprocessingand
analysis,we usethecolour imagein �gure 11a. This imagewascapturedunderslightly non-
uniformlighting conditions,sothatnotall thepixelswhichlook whitehaveRGBcoordinatesof
exactly

�E�<���<���C	

. Theupperpartof theimagewastheninvertedby subtractingthevaluesin each
of the

�

,
�

and
�

channelsfrom themaximumpossiblevalues(i.e.
8<B+B

for this � -bit image).
TheHSV saturationimagecalculatedfrom this colour imageis shown in �gure 2b. Thelower
partof this saturationimage,correspondingto thewhite region in theinitial colour image,has
a saturationof aroundzero,asexpected.However, someof theblackpixels in theupperpart
of thecolourimageareshown asbeingfully saturated.This patentlycontradictsthede�nition
of saturation,which statesthat saturationshouldbe low for almost-achromaticcolours,and
zerofor greylevels. The reasonis that someof the black pixelshave small non-zero

�

,
�

or
�

components.The expansionof the HSV coneinto a cylinder (demonstratedin �gures 10a
andb) resultsin thesepixelsgettingarti�cially high saturationvalues.Onethereforehasthe
ridiculoussituationwheresomeof theblackpixelsareshown asbeingmorehighly saturated
thanthe colourful regionsthat they surround.Becauseof the double-coneshapeof the HLS
colourspace,its expansioninto a cylinder producesspurioushigh valuesof saturationin both
thehigh andlow brightnessregions,asshown in �gure 2c. This is particularlynoticeablefor
the orangeregion at the bottomof the image,on which two of the white lettersareshown as
having saturationvaluesequalto thesurroundingorangecolour.

This demonstratesthat two of the commonassumptionsaboutthesemodelsare not true
whenthecylindrically shapedversionsareused:

1. Saturationis de�ned asthechromaticityof a colour, so thatpixelswhich appearblack,
white or grey shouldhave a lower saturationthancolourful pixels. As wasshown in the
exampleabove,pixelswhichappearblackor whiteoftenhavemaximalsaturationvalues
whenoneof thecylindrically shapedspacesis used.

2Softwarealreadyusedby the authorwhich implementcylindrically shapedcolour modelsinclude: Matlab
release12.1,Aphelion3.0,Optimas6.1andPaintShopPro7.
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(a)Luminance (b) HSV modelsaturation

(c) HLS modelsaturation (d) Suggestedsaturationde�nition

Figure2: 3D-polarcoordinatecomponentsof �gure 11: (a) Luminance.(b) HSV modelsatu-
ration. (c) HLS modelsaturation.(d) Thesuggestedsaturationmeasure.

2. It is oftensaidthatthesespacesseparatechrominance(hueandsaturation)andbrightness
information.However, useis madeof thebrightnessfunctionto normalisethesaturation
in thecylindrically shapedspaces(asshown in equation7). It is clearthatthesaturation
valuesthereforedependcritically on thebrightnessfunctionchosen(demonstratedby the
largedifferencesbetween�gures 2bandc).

We now considertwo casesof theconfusionthatthecylindrical formsof thecolourspaces
cancause.DemartyandBeucher[7] appliedaconstantsaturationthresholdin thecylindrically
shapedHLS space(�gure 10d)to differentiatebetweenchromaticandachromaticcolours.This
thresholdcanberepresentedby averticalline oneithersideof theachromaticaxisin �gure 10d,
andit is clearthatthisdoesnotcorrespondto aconstantsaturation.Demarty[6] laterimproved
thethresholdby usingahyperbolain thecylindrical HSV space(�gure 10b),whichcorresponds
to a constantthresholdin theconicHSV space(�gure 10a).Smith [27] makestheassumption
that the cylindrical HSV spaceis perceptuallyuniform whena Euclideanmetric is used,but
uponexamining�gure 10b,oneseesthata certaindistancein thehigh brightness(top) partof
thespacecorrespondsto a far largerperceivedchangein colour thanthesamedistancein the
low brightnesspartof thespace.Suchanassumptionis almostcertainlytruer in theconically
shapedversionof thespace.Thisproblemalsoaffectsthequantisationsof thecylindrical HSV
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spacein which an equalnumberof saturationbins are usedin the high and low brightness
regionsof theHSV space.Almost imperceptiblecolourchangesin the low-brightnessregion
arequantisedinto the samenumberof bins ashighly-visible changesin the high-brightness
region.

2.4 Removal of the brightnessdependenceof the saturation expression

The simplestway of avoiding the disadvantagestied to the cylindrically shapedspacesis to
remove the brightnessnormalisationfrom the saturationexpressions,hencereverting to the
original shapesof thespaces.Removing thisbrightnessdependencefrom thesaturationfor the
HSV modelis simplydoneby multiplying equation3 by thebrightness

�����
	

, giving
����

4

 #��

�������J�)�
	

�  J,./

�2���)�J����	

(8)

wherethesuperscript̀NC' indicatesthatthis is thenon-cylindrical version.For theHLS space,
removing the brightnessdependenceis slightly morecomplex due to its double-coneshape.
Thenon-cylindrical saturationis

����

�=F��
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which after somemanipulationalso reducesto equation8. The equivalenceof thesenon-
cylindrical saturationexpressionsis tantalising,andwe show that it is in fact derivablefrom
thebasicde�nition of saturationin section5.

3 Vectors,norms and independence

We now de�ne clearlywhat thenotionsof vectorspace, normandindependencecontributeto
colour imagerepresentations.In the following, the RGB spaceis modeledby the Euclidean
space	�
 , with its projections,orthogonality, etc.,but we equipit successively with different
norms,includingamongstthemtheEuclideannorm.

Thevectorspacenotionassociatesapoint
1�4 �����������
	

to thevector �

� ��

. It de�nes:

� The sumof a numberof vectorsasbeingthe vectormadeup of the sumof the vector
components.

� Theproductof avectorandascalarasbeingobtainedby multiplying eachcomponentof
thevectorby thescalar.

Note that theseoperationstransformvectorsinto vectors,and not into numbers. We know
thatevery vectorcanbeuniquelywritten in termsof its componentsfor eachsystemof axes.
Therefore,startingfrom theunit cubewith coordinates

�

�

�

�

�

,
�

�

�

�

�

and
�

�

�

�

�

,
we de�ne the diagonalbetween

�����������<	

and
�E�<���<���C	

as the achromaticaxis, and the plane
intersectingthe origin andperpendicularto this axis as the chromaticplane,which contains
all informationon the colour. Hence,the point

1

canbe written as �

� ��

4

�

� ��

=

�

���

=

�

�

��

, or
equivalentlyas �

�
��

4

�

�
����

=

�

�
����

, where
1

�

and
1

�

aretheprojectionsof
1

ontorespectively the
achromaticaxisandthechromaticplane.
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Canwethereforesaythatthevectors
1

�

and
1

�

, whichareorthogonal,arealsoindependent?
Theresponsedependson themeaningwhichwe attributeto theadjective “independent”.If we
referto a possiblelink betweenthetwo projections

1

�

and
1

�

, they areobviously not indepen-
dent:thepointsof low brightnessalwayshave low coloursaturation.But theindependencecan
alsosignify somethingelse,for examplethat theparametersthatwe associatewith

1

�

(satura-
tion, hue)don't affect thoseassociatedwith

1

�

. In this case,if two differentlycolouredpoints
1

and
1

5

have thesameprojection
1

�

, they have thesamesaturationandthesamehue.In order
to have a colour representationadaptedto imageanalysis,we thereforeproposethe following
prerequisite:

First prerequisite: Two distinct points which have the sameprojectiononto the chromatic
plane,have thesamechromaticparameters.

We could go further andrequirethat two pointswhich have the sameprojectiononto the
achromaticaxishave thesameintensity. However, thiswould limit oneto symmetricfunctions
of

�

,
�

and
�

, excludingnotablyweightedexpressionssuchastheluminance(equation1).
Anotherusefulconcepton which we now baseour discussionis thatof thenorm. It asso-

ciatesaparameter, whichwecall � , with everyvector. Thisparameteris zeroor positive,andits
magnitudebecomeslargeraspoint

�

movesfurtheraway from theorigin, i.e. �

��� 13	�4��

�

�213	

,
in which

��� �

is aweightingfactor. Furthermore,thenormlinks theadditionof vectorsto that
of numbersby theclassictriangularinequality

�

�21 =?1

5

	

���

��13	 =

�

��1

5

	

(10)

whichsaysthatthenormof themeanvectorbetween
1

and
1

5

cannotbelargerthantheaverage
of thenormsof

1

andof
1

5

. For example,two projectionsontothechromaticplanewhicharefar
from theachromaticaxis,but oppositeeachother, representcolourswhicharehighly saturated.
Thevectormeanof thesetwo coloursis, however, achromatic.It thereforemakessensethatits
normshouldnot belargerthanthenormsof theoriginal colours,andhencethattheinequality
of equation10 shouldbesatis�ed. Lastly, it is equivalentto saythatthevector

1

is zeroor that
its normis zero

1 4��
	

�

��13	 4F�

(11)

Whenthis lastconditionis notsatis�ed,we referto asemi-norm. Wenotethatin thetriangular
inequality 10 the two `+' symbolsdo not have the samemeaning: the �rst is with respect
to vectors,and the secondwith respectto numbers. The sameis true for the two zerosin
equation11.

Wewill considerin moredetailthenorms
���

and
� �

, andthesemi-norm #.� �  , / (proof
thatit is asemi-normis givenin appendixB). Useof the

� �

normleadsto conversionformulae
which arequadraticandratherdif�cult to invert. Conversely, thedistanceassociatedwith this
normis theEuclideandistance,which is well-known andconvenientto work with.

The
� �

norm hasalreadymadeits appearancein colour spaceconversions,but without
announcingitself assuch. We seeit for examplein [3] and[9] for the achromaticaxis, and
in the standardtriangle colour model [17]. Its associateddistanceis less intuitive than the
Euclideandistance,but fasterto implementandusually just asprecise. We note lastly that,
givenvariables

���)�J����� �

, every quantity �

� =� � =�� �

, with weights �

��5����� �

is still
an

� �

normon theachromaticaxis.This leadsto thesecondprerequisite:
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Secondprerequisite: Thebrightnessparametersassociatedwith colourvector
1

andwith its
projection

1

�

mustbenorms.

In additionto thetwo prerequisitesalreadymentioned,it is convenientto introducea third
constraint,lessfundamentalandsuggestedby practicalexperience.It is extremelyconvenient
if oneis ableto returnto anRGBspaceimagerepresentationat theendof animageprocessing
task,which leadsusto proposethethird prerequisite:

Third prerequisite: Every systemfor the representationof colour imagesmustbe reversible
with respectto theRGB standard.

If weexaminetheHLS systemin thelight of the�rst two prerequisites,thebasicreasonsfor
thecriticismspresentedin section2.3becomeclear. In theHLS system,neitherthesaturation
nor thebrightnessarenorms,andin addition,thereis no independencebetweentheachromatic
axisandthechromaticplane:it' salmostimpossibleto developaworsecolourspace.

One can show the lack of independenceby consideringthe points
1G4 �

�

���

�

�

���

�)� 	

and
1

5

4 �

�

�

�

�

�

�

�

�

�

���

	

, which both projectonto the samepoint
1

�

on the chromaticplane. Their
HLS saturationsaregivenby �����=! �%$'&

����� ���%$'&

astheirbrightnessvaluesare �

�

�

�

. The�rst hasanHLS
saturationof

�

andthesecondof
�

�




(the latterpoint hasa smallersaturationasits brightness
valueis higherthanthatof theother, we onceagaincomeacrossa problemin thecommonly
usedcylindrical form). Not only doesthis representationcreatearti�cial differencesbetween
points,but it fails to discriminatebetweenpointswhicharedifferent:all pointswith brightness

�

�

�

�

andwith  J,./

46�

have thesamesaturation.
To show thatthebrightness

�

4

����� � �%$'&

� doesnot satisfythetriangularinequality, we can
usethepoints

1�4I�

�

�

�

�

�

�

�

��� 	

and
1

5

4I�2���

�

�

�

�

�

�

�

	

, bothhaving HLS brightnessvaluesequalto
�

��� , while thebrightnessof
1 = 1

5

is equalto



��� . Finally, theHLS saturationis notanormeither,
asthepoints

1�4 �

�

�




�

�

�




�

�

�




	

and
1

5

4 �

�

�




�

�

�




�

�

�




	

bothhave saturationof
�

�




while their sum
hasa valueof

�

(theterm  #�� �  J,./ , on theotherhand,staysthesame).

4 Propertiesof the spaceunder consideration

In theRGB unit cube,the achromaticaxis is placedbetweenthe points
�2��������� 	

and
�'�<���+���C	

,
andcontainsthecoloursfor which

�F4F� 4��

. Thechromaticinformationis entirelyencoded
in the chromaticplane,perpendicularto the achromaticaxis and intersectingit at the origin.
Everyvector

1

of theRGB unit cubeis decomposedinto thevectorialsumof its projections
1

�

ontotheachromaticaxisand
1

�

ontothechromaticplane
1�461

�

= 1

�

(12)

in which all chromaticinformationis encodedin thevector
1

�

. We adoptthenotationin which
all thevectorsprojectedontothechromaticplanetakeasubscript� . Hence�

�

and �

�

represent
respectively the projectionsonto the chromaticplaneof the purered vector � andpuregreen
vector � .

The chromaticplaneis shown in �gure 3a,andwe proceedto draw the reader's attention
to someof theimportantfeaturesshown in this �gure. Thehexagonsurroundstheregionsinto
which points in the RGB cubeare projected,and the circle circumscribingthe hexagonhas

9
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Figure3: (a) Thechromaticplane.(b) Thered-yellow sectorof thehexagonon thechromatic
plane. The lower verticescorrespondto thecoloursred (at the left) andyellow. Theangle

4

takesvaluesbetween
�

C

and
;<�

C

.

a radiusof
� �




. If we limit the pointsprojectedonto the planeto only thosewith a speci�c
brightness,thenthe hexagonhasan areasmallerthanor equalto the oneshown. A point

1

projectedontothechromaticplanehascoordinates

1

�

4

�

� 8!�

�

�

�

��	

�

�

�28+�

�

�

�

� 	

�

�

� 8+�

�

�

�

� 	

�

�

(13)

The projectionsonto the chromaticplaneof purered �

4 �E�<�����)� 	

, yellow �

4 �E�<���<�)� 	

and
green�

4I�2�����<��� 	

havecoordinates

�

�

4��

8

�

�

�

�

�

�

�

�

���

�

�

�

4��

�

�

�

�

�

�

�

8

�	�

�

�

�

4
�

�

�

�

�

8

�

�

�

�

�	�

(14)

TheRGBunit cubeis shown in �gure 4. Wepointoutsomeusefulcorrespondencesbetween
regionsof thecubeandtheirprojectionsontothechromaticplane.Pointsfor which

��� �

form
thehalf-spacelimited by theplane ���� which contains� in �gure 4. Its pointsareprojected
onto the half-planelimited by �

��� �

andcontaining �

�

in �gure 3a. Similarly, the points for
which

� �F�

form thehalf-spacelimited by ��

��1

�

	

which contains� (�gure 4), with points
projectedontothehalf-planelimited by �

�

�21

�

	

�

andcontaining�

�

. Lastly, thepointssuchthat
� =D�

�

8+� 4 �

form theplanepassingthroughtheachromaticaxisandtheline
� = � 4 �

in the plane � �

�

. This planecutsthe chromaticplanealongthe line parallel to �

��� �

passing
through� .

With respectto colour, theRGB cubeis dividedinto six sectorsdelimitedby thesix planes
eachcontainingtheachromaticaxisandoneof thethree

�

,
�

and
�

axesoroneof thediagonals

10



r y

=(1,1,1)

1

2

3

4

5

0

=(0,0,0)o

w

g

cyb

ma

xv

z

c

R

B

G

Figure4: TheRGB unit cube.The italic numbersindicatetheedgescorrespondingto thesix
sectorsinto which theRGB cubeis divided.

in thesquaresin
� 4 �

,
� 4 �

or
� 4 �

. Thefollowing equationgivesthesectorof a colour
basedon theorderof magnitudesof theRGBcoordinates

����13	54

7
8

8

8

8

8

8

9

8

8

8

8

8

8:

�

,-,

�

�

���6�

�

,-,

� � �

�

�

8

,-,

�

�

� ���

�

,-,

� � �

�

�

B

,-,

�

�

��� �

B

,-,

��� �

�

�

(15)

Thecubeedgecorrespondingto eachsectoris indicatedby theitalic numbersin �gure 4.
Wenow assignapolarcoordinatesystemto thechromaticplane,takingthevector �

�

asthe
origin of theangles.Theangularvaluesincreaseasonemovesin ananti-clockwisedirection.
Every point (i.e. every vector)

1

of theRGB unit cubecanbeequivalentlywritten in termsof
RGBCartesiancoordinates,or 3D-polarcoordinates

��� 1

�

� ����1

�

� ���<	

.
Oneneverthelesshasdifferentequationsfor converting from onesystemto the otherde-

pendingonwhetheroneusesthe
� �

or
� �

norm.For the
� �

norm

� 1��

�

4�� ���

�

=����	�

�

=�� �
�

�

(16)

andfor the
� �

norm,onehas �

1

�

4

�

�

�

=

�

�

�

=

�

�

�

(17)

Thedifferencesarelargeenoughthatwe studymoreprecisely, in sections6 and7, theadvan-
tagesanddisadvantagesof thetwo approaches.
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Finally, for the semi-norm �

4

 #.� �  , / , we �nd for vector
1 4 �����������
	

and its
chromaticprojection

1

�

of equation13,

�

�213	 4

�

�21

�

	 4

 #.�

�2���������
	

�  J,./

�2���������
	

(18)

which meansthat this semi-normis exclusively chromatic(it doesnot seevariationsin the
brightness).

5 Geometricderivation of a saturation term

Thesaturationandchromameasurementsareassociatedwith thelengthof thevector
1

�

. Their
de�nitions are:

Chroma: Thenormof
1

�

is used,asdoneby Carron[2] (who usesthe
� �

norm). It assumes
its maximumvalueat thesix cornersof thehexagonprojectedontothechromaticplane.
The shapeof the resultantspaceobtainedby piling up the hexagonsis a hexconeor
double-hexcone.

Saturation: For thesaturation,thehexagonprojectedontothechromaticplaneis slightly de-
formedinto acircleby anormalisationfactor, sothatthesaturationassumesits maximum
valuefor all pointswith projectionson theedgesof thehexagon.Theshapeof theresul-
tantspaceis thereforeaconeor double-cone.Poorchoiceof thisnormalisationfactorhas
led to someof thelessthanusefulsaturationde�nitions currentlyin use.

We now geometricallyderivea saturationcoordinatewhich doesnot suffer from thedisad-
vantagesenumeratedin section2.3andis thereforemuchmoreusefulin imageprocessingand
analysis.Thisderivationis basedon theonefor theLevkowitz andHermanGLHSmodel[17].

5.1 Basicsaturation formulation

To calculatethe saturationof a colour representedby a vector
1

in the RGB space,we begin
by consideringthe trianglewhich containsall thecolourswhich have thesamehueas

1

(iso-
huetriangle),shown in �gure 5a. The achromaticaxis alwaysforms oneof the sidesof this
triangle. The vector �

�213	 4 

K

��13	 �

K

��13	 �

K

�213	 �

gives the positionon the achromaticaxis in
RGB coordinatesof thebrightnessvalueassociatedwith

1

. The iso-brightnessline associated
with

1

is the intersectionof the iso-huetriangle and K

�213	

iso-brightnesssurface,and hence
passesthrough�

�213	

and
1

. By de�nition, all theiso-brightnesslinesin thetriangleareparallel.
Thepointwith thesamehueas

1

lying furthestaway from theachromaticaxisis labeled�

��13	

.
Thispointnecessarilylieson oneof theedgesof theRGB cube.

Traditionally, thesaturationis de�ned asthefractiongivenby thelengthof thevectorfrom
�

�213	

to
1

, divided by the length of the extensionof this vector to the surfaceof the RGB
cube.This de�nition producesa spacein theform of acylinder. We call this typeof saturation
a cylindrical saturation. The problemsinherentin the useof this saturationde�nition have
alreadybeendescribedin section2.3.

In order to keepthe conical form of the space,it is necessaryto changethe de�nition of
the saturation. In �gure 5a, insteadof dividing the length of the vector from �

�213	

to
1

by
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Figure5: (a) Diagramusedin the derivationof a generalsaturationexpression.(b) Diagram
usedin the derivation of the simplersaturationexpression.Both diagramsshow the triangle
whichcontainsall thepointswith thesamehueas

1

.

the length of its extensionto the edgeof the cube,we divide it by the length of the vector
between�



�

�213	 �

and �

� 13	

. This is thelongestvectorparallelto theiso-brightnesslines,which
necessarilyintersectsthe third vertex �

�213	

of the triangle. We thereforehave the following
generalde�nition of saturation



4

�

�

��13	

�

1��

�

�



�

��13	 �

� �

�213	 � (19)

which givesthe naturalconic or bi-conic form to the 3D-polarcoordinatecolour space,and
which additionally is independentof the choiceof the brightnessfunction. A proof of this
independenceis presentedin appendixA. This saturationcalculatedfor �gure 11ais shown
in �gure 2d. It is clearthat thedefectsassociatedwith thecylindrically shapedHSV andHLS
modelsarenot present.The colourful regionsalwayshave saturationvalueshigher thanthe
surroundingmonochromaticbackground.Furthermore,onewould obtainthesamesaturation
valuesirrespectiveof thebrightnessfunctionused.

5.2 A simpleexpressionfor the saturation

In thissection,weuseequation19to deriveaverysimplesaturationexpression.For thisderiva-
tion, we choosethe iso-brightnesssurfacesto beparallelto thenearestsideof the RGB cube
which intersectstheorigin (which we arefreeto do dueto the independenceof thebrightness
andsaturation).This is the

� 4F�

planefor sectors
�

and
�

, the
�F46�

planefor sectors
8

and
�

,
andthe

� 4��

planefor sectors
B

and
B

. Thebrightnessfunctionproducingsuchiso-brightness
surfacesis

�

��13	 4

 , /

�2���)�J����	

(20)

13



At �rst, we consideronly sector
�

, which containspoint
1 4 �2���������
	

asshown in �gure 5b.
Thebrightnessvectorof

1

is �

�213	 4 �2� �)� ���
	

, dueto
1

beingin sector
�

. We project
1

onto
the

� 4F�

planeresultingin point
1

� whichis thesamedistancefrom theorigin as �

�213	

is from
1

. Thecoordinatesof
1

� aretherefore
�2�

�

� ���

�

� ��� 	

. We thenconstructthe line between
�

and
1

� in the
� 4 �

planeparallelto the cubeedgebetween� and � , forming two similar
triangleswith vertices� ,

�

and
1

� , and � , � and �

� 13	

. Thefollowing relationis thereforevalid:
�

� �

1

�

�

�

� � �

�213	 �

4

�

� �

�

�

�

� � �

� (21)

The termon the left is simply thede�nition of saturationgivenby equation19. On the right,
�

� � �

� 4 �

, andasthe coordinatesof
�

are
�2�

�

� �����)� 	

,
�

� �

�

� 4 �

�

�

. Hencethe
saturation



4F�

�

�

, which in sector
�

, is equivalentto

��

4

 #.�

�2���������
	

�  J,./

�2���������
	

(22)

The derivation is easilydonefor the other � ve sectorsto show that equation22 is valid for
themall. Thesimplesaturationexpressionobtainedfor thenon-cylindrically shapedHSV and
HLS spaces(section2.4), is thereforeobtainedfrom the generalsaturationde�nition. The

 #.� �  J,./ expressionis in fact a semi-norm,as proved in appendixB. We return to this
saturationexpressionin section8, in which we suggestanimprovedversionof theHLS space.
We �rst considertheconsequencesof strictly imposingeitherthe

� �

or
� �

normon theRGB
space.

6 The framework of the
�

8 norm

We expectthis norm to be the bestadaptedto the problem,asit is basedon the Pythagorean
theorem,which interpretsthenormin termsof vectorlengths.In addition,thescalarproduct
whichaccompaniesit is anindispensabletool for calculatingangles.

Theconversionequationsfrom theRGB coordinatesystemareeasyto determine.We call
thenormsof thevectorsprojectedontotheachromaticaxisandthechromaticplanerespectively

� �

and �

�

, boththesenormsbeingscaledto therange
��������

. Theangle
�

is called
4 �

. By using
relation16 and�gure 3a,thefollowing canbederived

� �

4

�

�

�	�

�

�

=?�

�

=?�

��


�� �

(23)

�

�

4 �

�

8

� 1

�

�

(24)

4 � �

�

=?�

�

=>�

�

�

� �

�

� �

�

�������

�

(25)

Notethat �

�

is ameasurementof thechroma,asit is simply thenormof
1

�

multipliedby a
constant.Wecanconvert thischromainto asaturationby applyingequation19in thechromatic
plane,whereit is equivalentto



�

4

� 1

�

�



�����

(26)
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in which


�����

is thedistancefrom theorigin to theedgeof thehexagonfor agivenhue
4

, that
is, themaximumvaluethat canbe taken by thenormof a projectedvector

� 1

�

�

with hue
4

.
Thered-yellow sectorof this hexagonis reproducedin �gure 3b, in which theuppervertex is
at theorigin

�2��������� 	

, thelower left vertex is theprojectedredvector �

�

, andthethird vertex the
projectedyellow vector �

�

. It is simpleto show using�gure 3b that



�����

4

�

8

8

&%, /

�'�C8!�

C

�

4

	 (27)

for
� C

�

4��

;<� C

. To make this equationvalid for thevaluesof
4

�?�� C �

�

;<� C 	

, it is suf�cient
to replacethe

4

in theequationby
4��

4

4

���

� ;<�

C

where �

�

�

�����<��8��

�

�

B

� B

� &

1

$32 # $

�

C

�

4��

�

;<�

C

(28)

Notethatthissaturationexpression(equation26)givesexactlythesamevaluesasthe  #.� �  J,./

expression,asthey arebothderivedfrom thesamede�nition.
Thecalculationof theangle

�

in �gure 3ais donein termsof thescalarproductbetweenthe
vectors

1

�

and �

�

as

� 4

#+*%���

1

&

�

�

���

1

�

�

�

�

� � 1

�

�

�

(29)

4

#+*%���

1

&

�

�

�

�

�

�

�

�

�

�

�2�

�

=?�

�

=>�

�

�

� �

�

� �

�

��� 	

�

�
	

(30)

in which �

���

1

�

indicatesthescalarproductof the two vectors.Thepossiblevaluesfor
�

are
between

� C

and
�

�

�DC

, andit is thereforenecessaryto expandthis rangeof valuesby using

4 �

4�

�

;<�
C

�

�

, ,

�

�

�

� 1

$ 2-(�*'" ,.& (

(31)

Formally, theproblemis solved. Thevariables
� �

, �

�

,


�

and
4 �

areexpressedin terms
of

�

,
�

and
�

. Nevertheless,irrespective of the theoreticalequivalenceof the two systems,
the inversetransformationis not simple. It is desirableto simplify this pure

� �

norm system
eitherby usinganothernorm,which is consideredin thenext section,or by usinga mixtureof
differentnorms,discussedin section8.

7 The framework of the
�

� norm

In this section,we continueto usethesamevectorspace,with thedecomposition
1�4�1

�

=>1

�

,
but weassignthe

� �

normto thevectorsof thespace.

7.1 Brightnessand chroma

Becausethe
�

,
�

and
�

coordinatesaregreaterthanor equalto zero,the
� �

norm(equation17)
of thevector

1

�

is simply thesumof the
�

,
�

and
�

components.As we wish thevalueof the
brightnessto bein therange

��������

, we take it to bethearithmeticmeanof thecomponentsof
1

� �

4

�

�

��� =>� =?�
	

(32)
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Wenotethatif two points
1

and
1

5

have thesameprojection
1

�

ontheachromaticaxis,wehave�

1 1

5

�

4��

, andby applicationof thetriangularinequalityone�nds that
� �

��13	 4

� �

�21

5

	

.
Thechroma�

�

is de�ned asbeingproportionalto the
� �

normof thevector
1

�

, thatis

�

�

4

�

B



�

8+�

�

�

�

�

�

=

�

8+�

�

�

�

�

�

=

�

8!�

�

�

�

�

�

�

(33)

Theconstantensuresthatthechromavalueslie in therange
��������

, astheexpressionwithin the
parentheseshasamaximumvalueof

B

obtainedwhentwo of thecomponentshaveanextremal
value,andthethird hastheoppositeextremalvalue.Thesaturationis zerowhen

� 4 � 4G�

,
i.e. whenthepoint

1

lieson theachromaticaxis.
In order to remove the absolutevalues,linked to the choiceof the

� �

norm, from equa-
tion 33, it is necessaryto �nd the maximum,medianandminimum of

�2���������
	

, which we
denoteas  #.� ,  , � and  , / . As equation33 is symmetricin termsof

�

,
�

and
�

, it is
suf�cient to adoptaconvention,for example

� � � � � � � � �

(34)

and,in thecalculation,to replace
�

by  #�� ,
�

by  , � and
�

by  J,./ . Whenthecomponent
orderin relation34 is true,the�rst termof equation33 is positiveandthethird is negative.The
secondterm,whichhasavariablesign,distinguishesbetweentwo cases:

1. if
�F=>� �68+�

, or equivalently
� �

� �

, then

�

�

4

�

8

 �2�

�

�H	 =F�2�

�

�
	 � 4

�

8

�2�

�

� �

	

(35)

2. if
�F=>�

�

8+�

, or equivalently
� �

�

�

, then

�

�

4

�

8

 �2�

�

�
	 =F���

�

�
	 � 4

�

8

�

� �

�

�
	

(36)

For
��=?�F4F8+�

, we �nd for bothforms:

 #.� �  J,./

4F�

�

� 4

B

�

�

�

(37)

Thehue,beinganangle,is calculatedin thesamewayasfor the
� �

norm,usingequations30
and31.

In summary, despitethepresenceof two casesfor thesaturation,the transformationequa-
tions32,35and36makeupa linearsystemmuchsimplerthanin thecaseof the

� �

norm.The
huecalculationis themostcomplex, andwenow developanapproximationof thetrigonometric
hue.

7.2 Simpli�ed calculation of the hue in the ��� space

The following approximationis largely basedon the approachpresentedin [17]. Firstly, we
limit ourselvesto vectorshaving

�

�

� �6�

andnon-zerochroma.Theirprojectionsontothe
chromaticplaneform thetriangle � �

�

�

�

in �gure 3a.Becausethehueorigin is thevector �

�

, the
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angle
�

in �gure 3avariesfrom
�

to � /3 in radians,or conventionallyfrom
�

to
�

. To approximate
�

, we begin with thehue-fractionequationin theHLS system,that is
4

4

��!=�

������! �%$'&

, andwe
transposeit mutatismutandis, that is to sayby replacing  #����  J,./ , which correspondsto
thesaturationin theHLS system,by our corresponding

� �

normchromaexpression(differing
only by a factor) and taking into accountthe duality of the two chromaexpressions.More
precisely, becausethe line �

�

�

�

is parallel to the line � � in the
� 4 �

plane,when
�

varies
from

�

to
�

, thepoint � of the
��4 �

planedescribesthehalf-diagonal��� , andits projection
�

�

describesthesegment�

�

�

�

of thechromaticplane.Thepoint � , theintersectionof theplane
�D= �F= 8+� 4 �

(which containstheachromaticaxis)andthe line � � , dividesthetwo zones
having differentchromade�nitions. In theprojection,thepoint �

4 �

�

�




�

�

�




��� 	

givesthepoint
�

�

, which correspondsto thevalue
� 4

�

�

�

.
As thevalue  #.� �  , / of theHLS systemcorrespondsto thesaturation,wereplaceit here

by the
� �

normchroma�

�

�

4 �

�

�

�2�

�

�
	 �

" , $32

�?=?� ��8+� 	

(38)

Wehave �

46�

for �

4 �'�<������� 	

. Thefactor� is determinedby theconditionof having �

4

�

�

�

at
�

4 �

�

�




�

�

�




��� 	

, whichgives �

4




��� . When
�?=?�

�

8+�

, theduality suggeststhereplacement
of

�

�

�
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�

, and � by
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�
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In fact, at point �

�

, the chroma �

�

takesthe samevalueof
�

/
�

in the two modes,andwe �nd
�

4

�

�

�

. Finally, at the extremity of the rangeof
�

, we seeby usingpoint � or point � , that
�

4 �

.
We canreduceequations38 and39 which de�ne � to a singleequationby makinguseof

thecritical element
� =?�

�

8+�

. We �nd
��=?�

�

8+�G4

�

�

�'�

�

8

�

	

(40)

whichdemonstratestheequivalencerelations
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8 (41)
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A simplenumericalexperimenthasshown that themaximumdifferencebetweenthis hueap-
proximation� andthetrigonometrichueis thesameasfor theapproximationsuggestedin [17],
thatis

�<7 �:8 C

.

7.3 Colour spaceconversionsin the � � space

Theprecedingresultsleadto thefollowingconversionformulaefor theconversion
�����������
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When
��=?� ��8+�

, or equivalently, when
�

�

�

�

�

�

�

, thetransformationis invertedas
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andfor
��=?�

�

8!�

(or
�

�

�

�
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�C	

as
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Thedomainon which theequationsarede�ned
� �F� �6� ��� ���

(without theachromatic
axis)correspondsto thetetrahedron� � ��� in the �gure 4. Thecoef�cients of system43 were
chosenso that

� �

, �

�

and � vary between
�

and
�

, which doesnot necessarilymeanthat
they alwayscorrespondto pointsinsidethetetrahedron.Thefollowing equivalencerelationis
neverthelesseasilyveri�able

� � ��� � � � � ��� 	

8

�
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8

�

�
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(46)

In practice,this condition is not too limiting, as it is simple to prevent operatorsappliedto
vector

1

, expressedas
�

� �

�

�

�

�

�

	

from giving a resultoutsidetheRGB cube.
Thelastcaseto studyis that in which thevector

1

lies on theachromaticaxis,i.e. thecase
for which

� 4I� 4I�

. Thesystem43 is no longervalid, aswe introducea division by zero,
andmustbereplacedby
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whichshowsthat � is indeterminate.Thisdoesnotmeanthatit is impossibleto �nd thecolour
1

, but thatthechromaticintensity �

�

�'�

�

8

�

	

is zero.

7.4 Conversionsto the completedigital cube

We move from onesectorof theRGB cubeto anotherby addingto � thesectornumbergiven
by

���213	

of equation15. Thehueis thereforeapproximatedby
4 �

4 �����213	 =

�

	

� (48)

of the samestructureasin the HLS system.The coef�cient � determinesthe working units:
�

46;+�

for degrees,and �

4

B

8

to getresultingvaluesbetween
�

and
8<B+8

which �t into 8-bits.
In parallel to the conversionfrom � to

4 �

, it is convenientto rewrite the brightnessand
saturationin termsof  #.� ,  J,.� and  , / functions,whichleadsto thereplacementof system43
by

� �

4

�

�

�
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(49)
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(51)
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This systemof equationsis alsovalid for 8-bit RGB values,andthe resultingcoordinatesare
encodableon 8-bits if �

4

B

8

is used.It is importantto noticethat for
8<B+;

discrete
�

,
�

and
�

input levels, �

�

takesvalueswhicharemultiplesof
�

/
�

(i.e.
B��C8

discretelevelsbetween
�

and
8+B+;

). Careshouldthereforebetakenwhenroundingoff thesevaluesfor an8-bit representation.
For the inversetransformation,thevalueof

4 �

gives,via
�

, theorderof magnitudeof
�

,
�

and
�

andthevalueof �

� . Basedon whether�

� is �

�

�

�

or
�

�

�

�

, we usesystem44 or 45
replacing

�

,
�

, and
�

by thecomponentsorderedaccordingto thevalueof
�

, andreplacing�

by �

� .

8 The ������� �	��
 semi-normand an impr ovedHLS space

Wenow returnto theHLS systemandsuggestanimprovementwhichovercomesthedisadvan-
tageslinkedto theclassicsaturationde�nition. Wewill referto thisspaceastheimprovedHLS
or IHLS space.In fact, it is not necessaryto modify the HLS spacemuchin orderthat it be
compatiblewith the threeprerequisites.It is suf�cient to passfrom its cylindrical versionto
theconicversion,which is doneby replacingtheHLS saturationby the function  #.� �  , / .
A proof that this quantityis a semi-normis givenin appendixB. We now brie�y considerthe
threecomponentsof theIHLS system.

8.1 Saturation

Thesemi-norm
 �

4

 #.���  , / obviously satis�esthe�rst prerequisiteon the independence
of theprojectionontothechromaticplane.Addingto point

1

avectorparallelto theachromatic
axissimply reducesto addingthe sameconstantto every componentof the

�2���������
	

vector,
which doesnot modify thevalueof  #.� �  J,./ . In particular, in theRGB space,thevector

1

andits projection
1

�

on thechromaticplanehave thesamevaluefor  #.� �  , / .
On theotherhand,this semi-normis not invariantby projectiononto theachromaticaxis,

in contrastto
� �

and
� �

. As thepoint
1

approachestheachromaticaxis, thevalueof
 �

gets
smaller, becomingzerowhen

1

is on the achromaticaxis. The projection
1

�

of the vector
1

onto this axis alwayshasa valueof zerofor the semi-norm
 �

. It is thereforeimpossibleto
build a representationbasedonly onthissemi-norm,which is blind to brightness.However, we
seealsothatfor all thevectorsin thechromaticplane(andonly for thesevectors),thequantity

 #.� �  J,./ becomesa norm. This is why we useit for the saturation,complementingit by
takingthe

� �

or
� �

normon theachromaticaxis.

8.2 Brightness

The
� �

and
� �

norms,and  #.� �  , / semi-normwhich we have studiedall guaranteethe
�rst prerequisiteon independence:two differentpoints

1

and
1

5

having thesameprojection
1

�

ontothechromaticplanehave thesamesaturationandthesamehue.As this propertyremains
valid independentof the norm chosenon the achromaticaxis, onecaneasily replace

� �

in
equation23,or

� �

in equation32 by someweightedmean
�

(which is still a norm)

�

�2���������
	 4

�

� =  �D= � �

" 2�(�*%( �

=  = � 4 �

(52)
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or evenby a non-linearestimator, providedthat it is a norm. Thehuecircle remainsthesame,
giving thesameweightingto thethreefundamentalcolours,asdoesthesaturation,evenif this
is not thecasefor thebrightnesswhich replaces

� �

or
� �

.

8.3 Hue

For thehue,we have developedanexact trigonometricexpression,givenby equations30 and
31, anda simplerapproximateform given by equation51. Both thesehueformulationsstill
show evenlyspacedspurioushighvaluesin thehuehistogramwhenoneconvertsfrom anRGB
spacecontainingdiscretelyspacedvalues[16]. However, with thetrigonometrichueformula-
tion, it is easyto remove or reducethe heightof thesehistogramspikesby calculatinga hue
histogramonly for pixelshaving a saturationabovea chosenthreshold[10]. With theapproxi-
mation,removal of thespikesis moredif�cult. Dueto thehigh speedof moderncomputers,it
is highly recommendedthattheexacttrigonometricform beused.

9 Comparisonof the saturation and chroma formulations

We comparethedistributionsof threeof thesaturationandchromaformulationsdiscussedin
this report: the  #.� �  , / saturationexpression(equation22), the

� �

norm chroma(equa-
tion 24),andthe

� �

normchroma(equation50). Thesedistributionsareshown in �gure 6.
To calculatethedistributions,we startwith a

8<B+; � 8<B+; � 8<B!;

RGB cubewith a point at
eachsetof integer-valuedcoordinates.For the  #�� �  J,./ and

� �

norms,thesaturation(and
chroma)valuesof eachpoint arecalculated(as�oating point values),andthenroundedto the
nearestinteger. Histogramsshowing the distribution of theseinteger values(256 levels) are
shown in �gure 6.

The
� �

chromameasurehasaninbuilt quantisationpitfall. When
�

,
�

and
�

areinteger-
valued,thenthe

� �

norm
� �

is alwaysamultipleof
�

/



, andtherefore #.� �

� �

and
� �

�  J,./

in equation50 arealsomultiplesof
�

/



. As bothof theseexpressionsaremultipliedby



/
�

when
calculatingthe chroma, �

�

is always a multiple of
�

/
�

. In other words,
�

,
�

and
�

values
quantisedinto

8<B+;

levels producevaluesof �

�

quantisedinto
B��C8

levels. The roundingof a
�oating point valueof �

�

to thenearestinteger thereforebehavesextremelyerratically, asthe
�

/
�

'saresometimesroundedupandsometimesdown, dependingonwhethertheir �oating point
valuesarejust above or just below

��7AB

, therebyproducingmany spuriouspeaksandvalleys in
thehistogram.For the

���

chromadistribution in �gure 6, thevaluesof �

�

were�rst multiplied
by

8

to get a seriesof integersbetween
�

and
B��:8

, andthenadjacentpairsof histogrambins
werecombinedto producethe

8<B+;

bin histogramshown.
The  #.� �  J,./ saturationdistribution is regular and symmetricaroundthe centralhis-

togrambin becauseof the normalisationcoef�cient which deformsthe hexagonallyshaped
sub-regionof thechromaticplaneinto acircle. Conversely, the

� �

chromahasaratherirregular
distributiondueto thediscretespacein which it is calculated.It alsodecreasesvery rapidly as
oneapproacheshigherchromavaluesbecauseit is calculatedin the hexagonallyshapedsub-
region of thechromaticplane. The

���

normchromaapproximatesthe
� �

chromawell (if the
quantisationeffectsaretakeninto account),andthehistogramis moreregular.
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Figure6: Thesaturationandchromahistograms.

10 Transformations to and fr om the IHLS space

Two ef�cient algorithmsto calculatethe luminance,trigonometrichue,chromaandsaturation
from RGB coordinatesaregivenhere.Weemphasizethatidentical3D-polarcoordinatevalues
areproducedby bothalgorithms.Theinversetransformation,from IHLS to RGB coordinates,
is alsoderived.

We have chosento useluminancebecauseof its psycho-visualproperties.Dueto theinde-
pendenceof thebrightnessandthesaturation,oneis freeto replacethe luminance

0

with an-
otheramplitudemeasure(brightness,luminanceor lightness).Thegiveninversetransformation
algorithm,however, only worksfor amplitudemeasureswhicharelinearcombinationsof the

�

,
�

and
�

coordinates.For otherbrightnessde�nitions, suchasthoseinvolving  , /

�2���������
	

or  #.�

�2���������
	

functions,theinversetransformationsaremorecomplicated,andwill haveto
bederived.

MATLAB routinesimplementingthe following transformationsareavailableat http://
www.prip.tuwien.ac.at/˜hanbu ry .

10.1 RGB to IHLS

Two algorithmsfor producingexactly the sameIHLS coordinatesare presented,the second
algorithmbeingeasierto invert thanthe�rst.
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10.1.1 The simplestimplementation

For thesimplestimplementation,onecalculatesanamplitudemeasure(equation1, 2, or 5), the
saturationusingequation22, andthehueusingequations30 and31. We have thereforeused
an

� �

normfor the luminance,the  #.� �  J,./ normfor thesaturation,andthescalarproduct
of the

� �

normfor thehue.
0
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10.1.2 An alternative

An alternative way of arriving at exactly the sameIHLS valuesis now presented.It is based
on the algorithmsuggestedby Carron[2]. The changeswith respectto Carron's versionare
theextensionto calculatethesaturationfrom thechroma,andtheuseof luminanceinsteadof
brightness.It is alsosimilar to the IHS systemdescribedby Pratt[23], exceptfor a changein
thehueorigin anda differentsaturationde�nition. It still usesthe

� �

normluminanceexpres-
sion,but an

� �

normfor thesaturation.This algorithmallows a morestraightforward inverse
transformationto bederivedasit containsno  #.� or  , / functions.

The�rst stepis to calculatetheluminance
0

andtwo chrominancecoordinates
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followedby the calculationof the chroma �

�I��������

(this chromais equalto the chroma �

�

derivedin theframework of the
� �

normin section6)
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andthehue
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Wederive from equations24,26and27 thevalueof thesaturation
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10.2 Inversetransformation fr om IHLS to RGB

To transformcoloursrepresentedin the IHLS coordinatesystemobtainedusingeitherof the
algorithmsof section10.1to RGB coordinates,one�rst calculatesthechromavaluesfrom the
saturationvalues(usingequation60)
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where
4

�

is givenby equation61. Fromthechroma,onecalculates
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For thecasewherethehueis unde�ned: �

�
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4 �

. Finally, theinverseof thematrix used
in equation57 is usedto obtain
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11 Application examples

Threeapplicationsin whichtheuseof thesuggestedIHLS modelis advantageousaredescribed.
The�rst is thecalculationof huestatistics,for whichbetterresultscanbeobtainedby utilising
aweightingby saturationvalues.Thissaturationweightingis thenappliedin thecalculationof
huehistograms.We �nally show anexamplein which thesaturationplaysadominantrole in a
mathematicalmorphologyoperator.

11.1 Colour statistics

In a 3D-polarcoordinatecolour space,standardstatisticalformulaecanbe usedto calculate
statisticaldescriptorsfor thebrightnessandsaturationcoordinates.Thehue,ashasbeenpointed
out, is anangularvalue,socircularstatisticaldescriptors[8] shouldbecalculatedfor it.

11.1.1 Hue statistics

We initially summarisesomeof the standardcircular statisticsformulae. Given � huevalues
4��

��� 4 �<��7�7�7��

� , themeandirection
4

is thedirectionof theresultantvectorof thesumof �

unit vectorshaving directions
4��

. Thisdirectionis givenby

4

4
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(66)

where
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andthenecessarycareto takentoexpandtheoutputof the #!*%��$)#+/ functionto therange
����

�

;<�=C'�

.
Themeanlengthof theresultantvectoris

��4
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=?�

�

�

(68)

Thevalueof themeanlengthis in therange
 �������

andcanbeusedasanindicatorof thedisper-
sionof thedata(similarto thevariance).If

��4 �

, all the
4 �

arecoincident.Conversely, avalue
of

�

doesnotnecessarilyindicateahomogeneousdatadistribution,ascertainnon-homogeneous
distributionscanalsoresultin this value.

11.1.2 Saturation-weightedhuestatistics

The calculationof statisticsbasedonly on the hue,describedabove, hasthe disadvantageof
ignoringthecloserelationshipbetweenthechrominancecoordinates(hueandsaturation).For
weaklysaturatedcolours(greylevels),thehuevalueis unimportant.Indeed,for zero-saturated
colours,the huevalue is meaningless.We cantake thesedifferent levels of importanceinto
accountin thestatisticsby weightingthehuesby their correspondingsaturations.

Given � pairsof values,thehue
4��

andits associatedsaturation


�

, we proceedasbefore,
exceptthatinsteadof �nding theresultantof unit vectors,thevectorwith direction

4 �

haslength


�

. Thehuesassociatedwith small saturationvalueswill thereforehave lessin�uence on the
directionof theresultantvector. Thisweightingis simplydoneby replacingequation67by
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andreplacing
	

and
�

in equation66by
	

� and
�

� . Wedenoteby
4

� theresultantsaturation-
weightedhuemean.Themeanlength(equation68)becomes
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In practice,for imageswhich containonly stronglysaturatedcolours,thereis not a signi�-
cantdifferencebetweenthevaluesof weightedandunweightedhuemeans.Figure11bshows
animagein whichthisdifferenceis important.As is visiblein �gure 7a,thesaturationof thetwo
browncellsis higherthanthesaturationof thesurroundings.For thisimage,theunweightedhue
meanis

4

4

�

8+;�7 �DC

, andthesaturation-weightedhuemeanis
4

�

4 � ��7A@ C

. To show thediffer-
ence,thresholdson thehuebandimagewerecalculatedfor the intervals

�

4

�

8+� C��

4

= 8+� C




and
�

4

�

�

8+�
C

�

4

�

= 8+�
C




, andtheseareshown in �gures 7b and7c respectively. On examin-
ing theseimages,it is clearthethesaturation-weightedhuemeancorrespondsto thehueof the
mosthighly saturatedregions,the two cells,whereasthe unweightedhuemeanis skewed by
thehuesassociatedwith thesurroundinglow-saturationregions.

11.2 Hue histograms

Huehistogramsareoftenusedasanimagefeaturefor retrievalof colourimagesfrom databases.
In thesehistograms,onegenerallywishesto excludeachromaticandnear-achromaticpixels,for
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(a) (b) (c)

Figure7: (a)Saturationof �gure 11b. (b) Pixelsof �gure 11bwith huevaluesin theinterval �����

on eachsideof thenon-weightedhuemean � ���	��� ��
 ������ ��� . (c) Pixelsof �gure 11bwith
huevaluesin theinterval � �����	��� ��
 ��������� ��� aroundthesaturation-weightedhuemean.

which thehuehaslittle meaning.As the traditional(cylindrical) saturationis essentiallyuse-
lessin discriminatingbetweenachromaticandchromaticcoloursin the low-brightnesspartof
the HSV space,a numberof heuristics,summarisedby StokmanandGevers[29], have been
used. Tico et al. [30], for example,suggestusingthe standarddeviation of the � , � and �

coordinatesin conjunctionwith afuzzymembershipfunctioncontainingtwo user-speci�edpa-
rameters,to calculatea weightdifferentiatingbetweenchromaticandachromaticcolours,the
basicideabeingthatthemorecolourful (highersaturated)pixelsreceivehigherweightingin the
huehistogramthanthelesscolourful (lower saturated)ones.Thesaturationmeasurementsug-
gestedin this reportcanbedirectly usedassucha weight. In building thesaturation-weighted
huehistogramfor thespeci�c caseof thehueshaving beenroundedto thenearestinteger, the
total in bin ����� �"!#�

�$
&%'��
&(�(&(�
*)�+
�

��,.- of thehistogramis simplycalculatedas

/1032547698

6;:

0=<?>

wherethe sumis over all the pixel positions @ in the image, �

6

and
8

6

arerespectively the
hueandsaturationat point @ , and

:�A#B

is the Kronecker deltafunction. A saturation-weighted
brightnesshistogramcanbe calculatedanalogouslyby usingthe inverseweighting �

%
�

8

6

- ,
therebyprivileging thelow saturation(achromatic)pixels. An alternative saturationweighting
for thehue,which shifts thehuevaluesaroundthecircle, is describedin [11], whereit is used
in thecontext of colourorderingfor mathematicalmorphology.

11.3 Mathematical morphologyand the lattice approach

Theapplicationof mathematicalmorphologyto colour imagesis dif�cult dueto thevectorial
natureof the colour data. The mostcommonlyadoptedapproachis to useoneof the vector
orderssuggestedby Barnett[1]. The lexicographicalorder is convenientasit imposesa total
orderon thevectors,therebyensuringthat thereareno pairsof vectorsfor which theorderis
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(a) (b)

(c)

Figure8: (a) Luminanceof �gure 12a. (b) Saturationof �gure 12a. (c) The top-hat— the
Euclideandistancebetweenthecorrespondingpixelsin �gures 12aandb.

uncertain,contraryto themarginal andreducedorders[4]. Theuseof a lexicographicalorder
directly in theRGB spacerequiresthatoneof thecoloursred,greenor bluebearbitrarily ele-
vatedto adominantrole. Themorehomogeneous3D-polarcoordinaterepresentationcanavoid
thisdisadvantage.It is oftensuggestedthatusingalexicographicalorderwith abrightnessmea-
sureat thetop level givesthe“best” results[18, 19], althoughcertainproblems(oneof which
is shown in this section)canbesolvedby theuseof a lexicographicalorderwith saturationat
thetop level.

Considerthe colour imagein �gure 12a, in which we have given ourselves the task of
extractingthe grey lines betweenthe mosaictiles. The luminanceimagein �gure 8a shows
thatsomeof thetiles have a lower luminancethanthegrey lines,whereasothershavea higher
luminance.In thesaturationimageof �gure 8b,oneseesthatthesaturationof thegrey linesis
almostalwayslower thanthatof the morecolourful tiles. We thereforechoosethe following
lexicographicalorderbetweenany two vectorsin 3D-polarcoordinates�����
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wherethesymbol � onthelastlevel representstheacuteanglebetweentwo angularvalues,i.e.
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The variable
4

�

on the third level of the lexicographicalorderis thepositionof theorigin of
thehuecircle. As thethird level of a lexicographicalorderis hardlyever usedin practice[12],
its valuedoesnothavemucheffecton theresults.Applying amorphologicalclosingusingthis
orderwith asquarestructuringelementof size

B � B

pixelsto �gure 12aproduces�gure 12b,in
whichoneseesthatthetileshavebeenexpandedto cover thegrey lines.Finally, a form of top-
hat[28] is calculatedby determiningtheEuclideandistance(in 3D-polarcoordinates)between
the correspondingpixels of �gures 12aand12b to give the greyscaleimagein �gure 8c, in
which thepixelswith highestgreylevelscorrespondto thefeatureswewish to extract.

Theuseof theEuclideandistancein this spacedoesnot imply that it is in any way percep-
tually uniform. Nevertheless,themagnitudesof theEuclideandistancesgivea goodindication
of themagnitudesof thecolourdifferences.In many imagingapplications,especiallyin mul-
timedia,onedoesnot have accessto thecalibrationdatanecessaryto convert to a perceptually
uniform space,suchas the CIE L*a*b* space. This colour differenceapproximationcould
thereforebeusefulin thesecases.

Thelexicographicalorderwith saturationat the �rst level is usefulin situationswhereone
wishesto distinguishbetweencolourful andnon-colourfulobjectsor regions. This could be,
for example,in the isolationof a non-saturatedphaseamongstseveralothersin geologicalor
biologicalapplications,or theextractionof colourfulblobsfrom agrey background.

12 Conclusion

The 3D-polar (hue, saturationand brightness)coordinatecolour representationsystemscur-
rently in useareoften unsuitedto imageprocessingandanalysis.The principal reasonis the
arti�cial expansionof the natural(conic or bi-conic) shapesof thesespacesinto cylindrical
form, by dividing eachsaturationvalueby themaximumsaturationpossiblefor theassociated
brightness.While this cylindrical shapeis convenientfor colourspeci�cationor choiceappli-
cations,it is completelyunsuitablefor imageprocessingandanalysisfor thefollowing reasons:

� Colourswhich appearalmostachromaticcanreceive high (or evenmaximal)saturation
values.

� Becausethesaturationnormalisationdependson thebrightnessfunction,thesetwo coor-
dinatesarenot independent.

� Comparisonbetweensaturationvaluesis meaningless,aseachsaturationis normalised
by adifferentfactor.

We presentthreeprerequisitesfor 3D-polar coordinatecolour systemsto be suitablefor
imageprocessingandanalysis,andthenderivesystemsusingthe

� �

,
� �

and  #�� �  J,./ norms.
Transformationsystemsto andfrom the

���

normspaceandthe improvedHLS (IHLS) space
arepresented.The

���

spacetransformationsarelinear andincludea linear approximationof
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thehue.This spaceshouldthereforebeusedif veryef�cient transformationsarerequired.The
IHLS spaceis moresuitedto imageanalysistasks,as it permitsa wide choiceof brightness
functionsanddoesnot approximatethe hue. Any 3D-polarcoordinatesystemis very closely
tied to theRGB space,beingsimply a differentrepresentationof it. It thereforedoesnot have
any of thegoodpropertiesof theL*a*b* or L*u*v* spaces,suchasperceptualuniformity. Its
advantagesarethattheconversionalgorithmis verysimple,andthatnocolourcalibrationdata,
suchasthewhite point coordinates,arerequired.This calibrationdatais usuallynot available
in multimediaapplications,for example.

Threeapplicationsdemonstratingthe goodpropertiesof thesuggestedsaturationmeasure
aregiven.Thecalculationof statisticsof thehueweightedby thesaturationandthedetermina-
tion of thesaturation-weightedhuehistogramusethefactthatthesuggestedsaturationmeasure
is alwayssmall for near-achromaticcolours. Themathematicalmorphologyapplicationtakes
advantageof theability to docomparisonsbetweenthesaturationvalues.

In summary, muchconfusionandincompatibilitybetweenresultsin colourimageprocess-
ing andanalysiscouldbeavoidedby theuseof thesuggested3D-polarcoordinatesystem.

A Proof of the independenceof the proposedsaturation and
the brightnessfunction

We givea proof of theindependenceof thebrightnessandsaturation,statedin section5. Con-
siderthetriangleshown in �gure 5a,whichcontainsall thepointswith thesamehueas

1

. This
triangleis reproducedin �gure 9 to facilitatethefollowing proof.

Proposition A.1. Theproposedsaturationde�nition
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is independentof thechoiceof thebrightnessfunction.

Proof. Referto �gure 9. Theiso-brightnesslinesbetween�
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which is parallelto theline
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, we createtwo similar triangleswith vertices � ,
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respectively. Wehencehave therelation
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Thisrelationis truefor any brightnessfunction,aslongastheiso-brightnesssurfacesit produces
areparallel.Hence,theproposedsaturationde�nition is independentof thebrightnessfunction.
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Figure9: Thetriangleof �gure 5awhich containsall thepointshaving thesamehueas
1

. The
achromaticaxisis at theleft, betweenthepoints � and � .

B Proof that ������� �	��
 is a semi-norm

Proposition B.1. In a vectorial space� of �nite dimension� and in which the vector � has
coordinates���
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is a semi-norm.

Proof. Firstly weobserve thatfor any setof values�
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thevalidity of the triangularinequalityassociatedwith eachpair of points
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We �rst show that
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Take for the � th coordinatetheonewhich maximises�
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Onecanprove in exactly thesameway that  J,./
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, from which it
is possibleto establishinequality76 by subtraction,whichcompletestheproof.
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(a)ConicHSV (b) CylindricalHSV (c) Bi-conicHLS (d) Cylindrical HLS

Figure10: Slicesthroughtheconicandcylindrical versionsof theHSV andHLS colourspaces.
Thebrightnessincreasesfrombottomto top,andthesaturationincreasesfrom thecentre(achro-
maticaxis)outwards.Coloursto theright of thecentralachromaticaxishave huesof

� C

, and
coloursto theleft havehuesof

�

�

� C

.

(a) (b)

Figure11: Exampleimages.

(a) (b)

Figure12: (a) Colourimage(size
B

B B

�

�

;<�

pixels). (b) A morphologicalclosingof image(a)
usinga lexicographicalorderwith saturationat the�rst level.
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