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ABSTRACT 
  
The Present study proposes a method for multidimensional images processing, which applies 
particularly when circular data (e.g. directions, color) are involved. At the first step each 
image is transformed into a partition of the space, independently of the others. Next, these 
partitions are grouped into a probability map of the borders to extract, which is finally 
reduced to watershed lines. The proposed method is applied to the segmentation of various 
thin sections of silicates which are observed under a series of different polarization angles.  
Key words: multidimensional analysis, mathematical morphology, watershed, polarization.  
 
 
MULTIDIMENSIONAL PRODUCTS 
 
In digital processing, it occurs that a series of different descriptors is attached to each pixel, 
and that on wishes to segment the space into the homogenous regions on the base of this 
information. The descriptors may combine data that are physically heterogeneous. For 
example, in geographic information systems (G.I.S.), each pixel is sometimes assigned a slope 
and a population density. These two quantities, although connected, are physically non 
comparable. Such an heterogeneity becomes more complicated again when some quantities 
vary along the line, and others around the unit circle (for example the directions of a texture 
[1], or the colors associated with various polarization angles). How to compare a quantity that 
is known modulo 2π with an other of a unique definition?  
 
PROPOSED METHOD 
 
Classically, a processing of multidimensional data begins by reducing the number of  
dimensions by means of multivariate analysis techniques, such as principal component 
analysis or the Karunen-Loève transform. When there are no more than one or two major 
variables, different filters and segmentations conclude the processing.  
The procedure we propose below is exactly the opposite. If we want the approach to be valid 
for both intensity and circular data, it is recommended not to try and synthesize information in 
a first stage, which should be more or less linear. On the contrary,  we must: 



i) Associate a partition of the space with each individual image. For this stage, erosions 
of partitions will be ;  

ii) group the obtained partitions into a synthetic one. To do this, one considers them as 
different realization of a random partition, and one estimates the probability for each 
pixel to be at a given distance d  from the border (typically, d=2). In this probability 
map, the closer to the border a pixel is, the higher is its numerical value. Finally, the 
watersheds of the opposite of this map provides the wanted segmentation.  

 
EROSIONS OF PARTITIONS. 
 
A partition D of a space E is a segmentation of E into classes D(x)  that do not overlap, and 
that cover the whole space E . Formally speaking, D is a mapping from E into P(E) such that 

 
 i)  ��x, y H E  D(x)  =   D(y)  or   D(x) «  D(y)    =    ©� � ���� 
 
 ii) E   =   ª{ D(x), x H E }       (2) 
 

The set D of the partitions E forms a complete lattice '��for the following ordering relation : 
 

 D  <   D’ ¾ D (x)  �   D’ (x) ��x H E    (3). 
 

In this lattice the greatest element is:  D (x)   =   E  ��x H E  
and the smallest element:              D (x) =   {x}  ��x H E . 
The infimum of the family {Di, i H I } admits for class D(x) at point x the set  

 
   D (x) =   «  {Di (x) , i H I }     (4). 
 

The supremum at point x is the smallest set which contains x, and which is simultaneously 
union of classes of each Di [2, p.15].  Note that the lattice of the partitions is not distributive. 
Also, the infimum of partitions is directly connected with the set intersection by the relation 
(4), whereas the sup is more difficult to handle. An asymmetry of this type orients us towards 
the erosion operation. In particular,  can we pass easily from the set case to the partition one ? 
 
 Let us then consider a set erosion �* : 3 (E)  ��3 (E), such that �* (©) =  ©, and associate 
with it the following partition operation �
 

       �* [D(x)]    when x H���* (Dx) 
 (��D) (x)     =         (5) 
       {x}    when not . 

 
Indeed, �D generates a partition since  
 
1) if x, y H� D(x)   then  D(x)  = D(y) , hence we have 

 
    �* [D(x)]        when   y  H���* [D(x)]    
 (��D) (y)     =  

     {y}  when not ; 
 

2) if  D(x) «�D(y)  =  ©�, then,  since �* (©)  =  ©,  we get  
  



   �*[D(x)]�«��* [D(y)] =  ©,  with , moreover, {x} « {y} =  ©��
 
Consequently, the two classes (�D)(x) and (��D)(y) are disjoined or identical. Finally, as 
(��D)(x) contains always point x, the union of all classes �D covers space E. 
 
On the other hand, the mapping ��: '����'����which is clearly increasing for ordering (3) , 
commutes also under partition infimum in lattice '. Indeed, let {Di, i H�I} be a family of 
partitions, of infimum D = ¼ Di . From D(x) = «�Di(x)  we draw that �*[D(x)] = �«��* [Di(x)]. 
Then, we have either: 
 
    x H���*[D(x)]   ¾�� x H���*[Di(x)]    for each  i,  i.e.��(�D) (x) = «��(�Di) (x) 
or 
� �� x ∉ �*[D(x)]¾��there exists at least one i for which x ∉���*[Di(x)]. Then, according to 
relation (5), (�Di )(x) = {x}, hence (��D )(x) = {x} = «��(�Di)(x). Therefore we can state: 
 
Proposition : Every set erosion��*: 3(E)��3(E)  for which �(©) = ©��induces, on the lattice 
'��of the partitions of E, a unique erosion ��� defined by:  

 
   ���*[D(x)]   when  x H����*[D(x)] 

   (��D )(x) = 
      {x}         when not . 
 
Note that, conversely, a partition erosion does not defines a unique set erosion, since the 
classes D(x) of the partition D are labelled sets.  
 
SEGMENTATION OF A POLARIZED THIN SECTION 
 
Polarized light is a useful tool for examination of rock thin sections. It assigns a specific tint 
with each rock component and allows distinguishing and separating the grains according to 
the crystalline orientations [3]. But it is generally used in a qualitative way.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1 Examples of quartzite (a), sandstone 1, dolomite and sandstone 2. 

  a)         b) 

  c)         d) 



 
In this section we purpose to use a partition based approach for reaching the same goal, but in 
a quantitative manner. In other words, starting from a sequence of polarized images of a same 
microscopic field, we propose to determine automatically the contours of the grains.  
We have treated four rocks of different microscopic appearance, in order to base the proposed 
method on a significant spectrum of rock structures. They are two sandstones (from Tumlin 
(1) and Lipka (2)), one quartzLWH�IURP�:L QLyZND�DQG�one GRORPLWH�IURP�5 G]LQ\��)URP�HDFK�
selected rock a thin section was prepared. Then a chosen field was observed in a polarized 
microscopy, in such a way  that the polarization prism was turned 15 times by 12 degrees. The 
obtained sequence (15 images of 8 bits depth and of size 352 x 268), was digitized by means 
of a CCD camera. The color of each image has been coded on 256 levels by using a specific 
palette for each image.  
 
Figure1 gives an outline of the obtained images. By observing the images, one can notice that:  
- for the same thin section, the variations of colors between the images observed in different 

polarizations are considerable;  
- for a same grain, and under a given polarization, the tint remains more or less uniform; 
- in some cases (dolomite) a dark contour underlines the crystals. But, in the majority of the 

analyzed images, such a line does not exist, and the crystals are placed side by side, 
without any visible border;  

-     finally, we can notice that the images are of poor quality.  
 
THE METHOD 

 
The current information on color, by palettes, suggests particular approach. Indeed, the 256 
values of the palette do not constitute a greytone image. In a same image the luminance 
associated with the level 120, say, may be higher or lower than that of level 140. Moreover, if 
at point x, two different images of a same sequence have the same numerical value, this does 
not mean that the two images have the same color or the same luminescence at point x, 
because the palette changes from one image to another. But, fortunately, in each image, the 
majority of points of the same crystals admit the same numerical values. This happens in most 
cases, but not always, because the crystals are not absolutely pure.Therefore, we shall proceed 
in two steps:  
 
First stage: 
Simplify each input image so that its crystals appear like flat zones, and then use partition 
erosions. More precisely: 
a) Put a zero to the four lower bits. They correspond to noise, and risk to disturb filtering ;  
b) Filter the obtained four bit images by flat structuring elements, in a self-dual way, because 

the numerical values have no gray tone meaning here. The optimal filter is the smaller that 
eliminates the various defects, since the defects are always smaller than the grains. The 
solution which we adopt consists in the succession of an opening�closing by 
reconstruction of size 2 by an alternated sequential filter of size 2. We call fi the images 
after filtering, where i indicates the label of the image in its sequence;   

c) Extract all flat zones of each image fi. If the passage from one zone to another is not 
distinguished by a clear frontier, one cannot separate the zones by threshold neither by 
opening. But, it is always possible to erode the partition generated by the flat zones. In 
such an erosion, each class of the partition, i.e. each flat zone, is narrowed independently 
of the others, and the rest of the space is occupied by classes reduced to points. The 
partition erosion is implemented by means of a Beucher gradient of size 2 applied to each 



image fi ; then all points of zero gradient are given value one, and all the others value zero. 
Let mi denote the obtained image.  

 
              
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Second stage 
a) The border probability map is estimated by the proportional estimate m = 255 − 15 (Σmi). 

Figures 2a and 2c show the images m associated with two of the analysed sequences. One 
may notice that the four results have been obtain by using exactly the same algorithm.  

b) The final detection of the contours is provided by watersheding image m. Since we are 
interested in large regions without internal details, we take as a marker, for watershed, the 
sum of the maxima of m, filtered by the dynamics h, and corrected by an opening of size s 
(Fig. 2b and 2d). The two parameters, h and s, depend on the sequence. This is consistent, 

Fig 3. Segmentation of dolomite (a), quartzite (b) and sandstones 1(c) and 2(d). 

      a)              b) 

       c)              d) 

Fig.2.  Images of dolomite (a) and quartzite (c) obtained by summing of eroded partitions. 
 Fig(b)(d) correspond to maxima (dynamics 7 and 5) after opening (size 4 and 2). 

     a)            b) 

  c)          d) 



since the grains of quartzite are less contrasted than the grains of sandstone, and smaller 
than the grains of dolomite. The values, that we have obtained are as follows: dolomite 
h=120, s=4, quartzite h=80, s=2, sandstone 1 h=130, s=4, sandstone 2 h=160, s=3. 

 
RESULTS 
 

On figures 3a to 3d, we have recalled several images of Fig.1, and superimposed on 
each of them the watershed lines of the corresponding function m (which is the same for all 
images in each series). The results are satisfactory. For testing their robustness, we can fix the 
two parameters of dynamics and size through the four series. When we take 120 and 3 for 
common values of dynamics and size respectively, we obtain segmentations not as good as 
before, but still acceptable. The Fig. 4 shows the results for quartz and the sandstone no.1. We 
have obtained similar results for the two other rocks.  
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Fig.4. Differences between segmentations with adjusted parameters [quartzite (a) 
and sandstone 1 (c)], and segmentations with common values for dymamics and 
opening size [quartzite (b) and sandstone 1 (d)].  

  a)              b) 

  c)              d) 


