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Maximal balls and skeletonMaximal balls and skeleton
A ballA ball BB (x) centered at x and of size n is maximal in set X(x) centered at x and of size n is maximal in set XA ball A ball BBnn(x), centered at x and of size n, is maximal in set X (x), centered at x and of size n, is maximal in set X 

if there exists no value k and no center y such that:if there exists no value k and no center y such that:
( ) ( ) knXyBxB kn ≤⊂⊂( ) ( )ykn

The skeleton of a set X is defined as the The skeleton of a set X is defined as the 
set of the centers of its maximal balls:set of the centers of its maximal balls:

( ) ( ){ }maximalxB:XxXS n∃∈=
The maximal ball skeleton correspondsThe maximal ball skeleton correspondsThe maximal ball skeleton corresponds The maximal ball skeleton corresponds 
to the residues of the openings of the to the residues of the openings of the 
successive erosions of X:successive erosions of X:

( ) ( ) ( )( )[ ]( ) ( ) ( )( )[ ]∪ D
Ni

ii X\XXS
∈

εγε=
Ni∈

The set X can be entirely rebuilt  from The set X can be entirely rebuilt  from 
its skeleton:its skeleton: ( )( )∪ i XSX δ=

© 2011, Serge Beucher 2© 2011, Serge Beucher 2

( )( )∪
Ni

i XSX
∈

δ=
ICS-13, Beijing



Skeleton as shape descriptor Skeleton as shape descriptor ??
Th i l b ll k l t i t d h d i tTh i l b ll k l t i t d h d i tThe maximal balls skeleton is not a good shape descriptor.The maximal balls skeleton is not a good shape descriptor.
One generally prefer to describe a complicated shape as an One generally prefer to describe a complicated shape as an 

bl f i l hbl f i l hassembly of simpler shapes:assembly of simpler shapes:

This shape is simplyThis shape is simplyThis shape is simply This shape is simply 
the union of two disksthe union of two disks

2 2 disksdisks

However, the skeleton of this set exhibits an However, the skeleton of this set exhibits an infinityinfinity of new disks!of new disks!,, yy

The skeleton is not stable The skeleton is not stable 
f h i ff h i ffor the union of sets:for the union of sets:

( ) ( ) ( )YSXSYXS ∪≠∪
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Critical balls, definition and propertiesCritical balls, definition and properties
Th k l t ( iti d di f th i l b ll ) f tTh k l t ( iti d di f th i l b ll ) f tThe skeleton (position and radius of the maximal balls) of a set The skeleton (position and radius of the maximal balls) of a set 
X is redundant to rebuilt it. Only a subset of it is compulsory, X is redundant to rebuilt it. Only a subset of it is compulsory, 
the critical balls setthe critical balls setthe critical balls set.the critical balls set.

A maximal B of a set X is critical when there is no combination of A maximal B of a set X is critical when there is no combination of 
other maximal balls which covers B:other maximal balls which covers B:other maximal balls which covers B:other maximal balls which covers B:

{ } ∪
k

kkk BB:BB,B ⊂≠∃
k

If B, critical ball of X, there is at least one point x of X which is If B, critical ball of X, there is at least one point x of X which is 
coveredcovered onlyonly by this ball (this point is likely to belong to theby this ball (this point is likely to belong to thecovered covered onlyonly by this ball (this point is likely to belong to the by this ball (this point is likely to belong to the 
boundary of X).boundary of X).

For any bounded and closed set X the critical skeleton SFor any bounded and closed set X the critical skeleton SFor any bounded and closed set X the critical skeleton SFor any bounded and closed set X the critical skeleton SFor any bounded and closed set X, the critical skeleton SFor any bounded and closed set X, the critical skeleton Scc
(centers of the critical balls)  exists and is unique.(centers of the critical balls)  exists and is unique.
For any bounded and closed set X, the critical skeleton SFor any bounded and closed set X, the critical skeleton Scc
(centers of the critical balls)  exists and is unique.(centers of the critical balls)  exists and is unique.
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Digital critical balls, definition and Digital critical balls, definition and 
problemsproblemsproblemsproblems

UnicityUnicity is not preserved because of is not preserved because of 
«« ballsballs » (polygons) of same size» (polygons) of same size«« ballsballs » (polygons) of same size.» (polygons) of same size.

Definition of a digital critical ballDefinition of a digital critical ball::
A digital maximal ball BA digital maximal ball Bii of size of size ii is is 
critical if there is no combination ofcritical if there is no combination ofcritical if there is no combination of critical if there is no combination of 
maximal balls maximal balls BBjj , with , with ii ≠ j,≠ j, which which 
covers Bcovers Bii..covers Bcovers Bii..

{ } ∪
Jj

jikn1i BBthat suchij:j,....,jJ: criticalB
∈

⊂≠=∃
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Building the critical skeletonBuilding the critical skeleton
Th iti l b ll b bt i d i t tTh iti l b ll b bt i d i t tThe critical balls can be obtained in two steps:The critical balls can be obtained in two steps:

•• selection of the maximal balls not covered by larger ballsselection of the maximal balls not covered by larger ballsselection of the maximal balls not covered by larger balls.selection of the maximal balls not covered by larger balls.
•• selection of the maximal balls not covered by smaller balls.selection of the maximal balls not covered by smaller balls.

The first step can be achieved by using a residual operator, the The first step can be achieved by using a residual operator, the 
ultimate opening and its associated function, the ultimate opening and its associated function, the granulometricgranulometric
f tif tifunction.function.

Ultimate openingUltimate openingUltimate openingUltimate opening

( )i1i
Ii

Sup γ−γ=θ −
∈

( )maxargc γ−γ=

GranulometricGranulometric functionfunctionGranulometricGranulometric functionfunction
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( )i1imaxargc γ−γ= −
Set XSet X GranulometricGranulometric functionfunction
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Granulometric function and quench functionGranulometric function and quench function
Maximal balls which are not totally covered by larger balls areMaximal balls which are not totally covered by larger balls areMaximal balls which are not totally covered by larger balls are Maximal balls which are not totally covered by larger balls are 
appearing in the appearing in the granulometricgranulometric function.function.
The quench function q of the skeleton can be used to build theThe quench function q of the skeleton can be used to build theThe quench function q of the skeleton can be used to build the The quench function q of the skeleton can be used to build the 
granulometricgranulometric function:function: ( ){ }ixq:xXi ==

•• kkXXii, valued indicator function of X, valued indicator function of Xii::
•• XXii , centers of balls of size , centers of balls of size ii•• XXii , centers of balls of size , centers of balls of size ii

( )
( ) notif0xk

Xxifixk
i

X

iX

=

∈=

( ) notif0xk
iX =

•• GranulometricGranulometric function c function c •• GranulometricGranulometric function c function c 

( )( )
iXi

i
ksupc δ=
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q, quench functionq, quench function c, granulometric functionc, granulometric function
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Definition of a dual functionDefinition of a dual function
Extracting the maximal balls not covered by smaller balls (2Extracting the maximal balls not covered by smaller balls (2ndndExtracting the maximal balls not covered by smaller balls (2Extracting the maximal balls not covered by smaller balls (2ndnd

step) is made by defining a «step) is made by defining a « dual functiondual function » c’ from the «» c’ from the « dual dual 
indicator functionindicator function » k’» k’XXii::XXii

( ) ( ) notifx'k;Xxifix'k
ii XiX +∞=∈=

Maximal balls which are not entirely covered by smaller balls Maximal balls which are not entirely covered by smaller balls 
are still visible in c’:are still visible in c’:

( )( )
iXii

'kinf'c ε=

Points of X covered by balls which Points of X covered by balls which 
themselves are not covered by larger orthemselves are not covered by larger or

ii

themselves are not covered by larger or themselves are not covered by larger or 
smaller balls are therefore only covered by smaller balls are therefore only covered by 
critical balls.critical balls.
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critical balls.critical balls.
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Extracting the critical skeletonExtracting the critical skeleton
The points x of X covered by critical balls fulfil the equality c(x) = The points x of X covered by critical balls fulfil the equality c(x) = 
c’(x). We can define e = c = c’ when c = c’.c’(x). We can define e = c = c’ when c = c’.

cc c’c’ Points of ePoints of e ≠ 0≠ 0cc cc Points of e Points of e ≠ 0≠ 0
The centers are obtained from the sets ZThe centers are obtained from the sets Zii and Yand Yii::

( ){ }ixq:xZ ( ){ }iye:yYandand

The intersection                     gives the centers of the critical The intersection                     gives the centers of the critical 

( ){ }ixq:xZi == ( ){ }iye:yYi ==andand

( )iii YZ δ∩

© 2011, Serge Beucher 9

balls of size i.balls of size i.
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Digital critical skeletonDigital critical skeleton

Initial setInitial set Quench functionQuench function Granulometric functionGranulometric functionInitial setInitial set Quench functionQuench function Granulometric functionGranulometric function
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Dual functionDual function Center of critical ballsCenter of critical balls Non critical centersNon critical centers
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Connected critical skeletonsConnected critical skeletons
The maximal balls skeleton can be The maximal balls skeleton can be 
connected (by geodesic thinning)connected (by geodesic thinning)
-- In green, critical skeleton SIn green, critical skeleton Sc c 
-- in yellow, centers of non critical balls in yellow, centers of non critical balls 
-- In red, junctionsIn red, junctionsjj

C t d iti l k l tC t d iti l k l tConnected critical skeletonConnected critical skeleton

C iti l t (l ft) d bi tC iti l t (l ft) d bi tCritical sets (left) and biggest Critical sets (left) and biggest 
ball (hexagon in this example) ball (hexagon in this example) 
embedded in each one (right)embedded in each one (right)
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embedded in each one (right).embedded in each one (right).
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Usage and next stepsUsage and next steps
C iti l b ll b d t h th t ti fC iti l b ll b d t h th t ti f•• Critical balls can be used to enhance the segmentation of Critical balls can be used to enhance the segmentation of 

«« potatoe shapedpotatoe shaped » sets  (better markers definition).» sets  (better markers definition).

Segmentation of rocks with Segmentation of rocks with 
markers selected among markers selected among 
the critical ballsthe critical ballsthe critical balls.the critical balls.

•• Dodecagonal critical ballsDodecagonal critical balls
•• Sets shape filtering based on Sets shape filtering based on p gp g

the level of criticity of the the level of criticity of the 
maximal ballsmaximal balls

•• SuperSuper--critical sets (X supercritical sets (X super--
critical if all its openings are critical if all its openings are 

iti l)iti l) Critical hexagonsCritical hexagons Critical dodecagonsCritical dodecagons
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critical)critical) C t ca e ago sC t ca e ago s C t ca dodecago sC t ca dodecago s
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