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1. Introduction
]_^�`#a,bNcF^�`#dfe�^�ghc1i!j#kIa,i!gfi!l&m�dfnJ`#a,b ^�kIkIgQdfe�^�`#dfi!o0i�pIgR^�`#`#dfe5b�`#a,b5i!j#m$`�i(n#k�^�`#dR^�g

n#`#j#q,eN`#qIj�b5nYrQs�t<u0vWd�w b&wx`#a,bzyIb�{,oIdQ`#dfi!oxi�p$c1i!j#kIa,i!gfi!l&dfe�^�g$i!k�bNj�^�`�i!j�n1o,b5b5yIn|^
`�i!`�^�gQgQm}i!j�yIbNj�b5y~e5i!cLkIgfbN`�bDgR^�`#`#dfe5bDn#`#j#q,eN`#qIj�b<��wY�8a,bNj�b�p�i!j�bD`#a,bFb��h`�bNo,n#dfi!o�i�p
cF^�`#a,bNcF^�`#dfe�^�g2c1i!j#kIa,i!gfi!l&m0`�i�e5i!gfi!j�dQcF^�lHb5nAdfnAyhdK�FeNqIgQ` yhq,b-`�i$`#a,b-�Hb5eN`�i!j#dR^�g
o�^�`#qIj�bFi�p8`#a,bFe5i!gfi!jVy,^�`�^hwD�IqIo,y,^�c1bNo?`�^�g8j�b�p�bNj�bNo,e5b5n�`�i�� i!j#�hnV�-aIdfe�a}a�^5�Hb
p�i!j#cF^�gQdQ��b5y�`#a,b$�Hb5eN`�i!j(c1i!j#kIa,i!gfi!l&m�`#a,b5i!j#m�^�j�bLrQs<��u@^�o,yOr �<u
w
�9bNj�b0� b0kIj�i!k�i&n�b6a,bNj�b1^FqIoIdK{�b5yYp�j�^�c1bN� i!j#�Y`�i�e5i!o,n#dfyIbNj�yhdK�=bNj�bNo?`$�8^5mhn

i�p�yIb�{,oIdQoIl0c1i!j#kIa,i!gfi!l&dfe�^�gJe5i!gfi!j8i!k�bNj�^�`�i!j�n dQo|^�gQqIcLdQo�^�o,e5b&�In�^�`#qIj�^�`#dfi!o�^�o,y
a?q,b$e5i!gfi!j-j�bNkIj�b5n�bNo?`�^�`#dfi!oJw �8aIdfn8k�^�k�bNj-dfn(^0n#qIcLcF^�j#m|i�p'`#a,b$�)aJwA�0wh�8a,b5n#dfn
i�pC`#a,b�^�qI`#a,i!j�rQs�u(yIi!o,bDqIo,yIbNj0`#a,b|n#qIk�bNj#��dfn#dfi!o�i�p9�)j�i�p#w��Hb�^�ox��bNj#j�^�vRp�qIgQg
yIbN`�^�dQgfn(i�p@`#a,b�^�gQlHi!j#dQ`#aIc1n9^�o,y|cF^�o?m�i!`#a,bNjCb��,^�cLkIgfb5n(e�^�o���b9p�i!qIo,y|dQoOrQs�u���w



2 Unified morphological color processing framework in a lum/sat/hue representation

2. Luminance/Saturation/Hue color in norm L1

�8a,bFkIj#dQcF^�j#m��?q,b5n#`#dfi!o~`�iYyIb�^�g �-dQ`#a�e5i!gfi!j0dQcF^�lHb5n6dQo?�Hi!gQ�Hb5nLe�a,i�i&n#dQoIl�^
n#qIdQ`�^��Igfbze5i!gfi!j|n#k�^!e5b�j�bNkIj�b5n�bNo?`�^�`#dfi!oxp�i!j1c1i!j#kIa,i!gfi!l&dfe�^�g;kIj�i�e5b5n�n#dQoIl,w �8a,b
����� e5i!gfi!jAj�bNkIj�b5n�bNo?`�^�`#dfi!o|a�^!n�n�i!c1b(yhj�^5�-��^!e��hn��)e5i!cLk�i!o,bNo?`�n8^�j�bCn#`#j�i!oIl&gQm
e5i!j#j�bNgR^�`�b5y=�)gR^!e��}i�p(a?qIcF^�o�dQo?`�bNj#kIj�bN`�^�`#dfi!oJ�Ao,i!o~qIoIdKp�i!j#cLdQ`
mH�AbN`�e&w
	 k�i!gR^�j
j�bNkIj�b5n�bNo?`�^�`#dfi!o6�-dQ`#a$`#a,b)�&^�j#dR^��Igfb5nJgQqIcLdQo�^�o,e5b&�!n�^�`#qIj�^�`#dfi!oVbN`Ja?q,bCvWgQqIc���n�^�`
�<a?q,b<�
^�gQgfi��(nCq,n-`�i1n�i!gQ�Hb$`#a,b5n�b$kIj�i!�IgfbNc1n�w �8a,b����'�|n#mhn#`�bNc dfn-`#a,b�c1i&n#`-k�i!kIqIgR^�j
gQqIc���n�^�`
�<a?q,bF`#j#dQkIgfbN`�w��
o}n#kIdQ`�b1i�p-dQ`�n�k�i!kIqIgR^�j#dQ`
mH�@`#a,b1���'�_j�bNkIj�b5n�bNo?`�^�`#dfi!o
i�p�`�bNo~m�dfbNgfyIn6qIo,n�^�`#dfn�p�^!eN`�i!j#mOj�b5n#qIgQ`�n��'p�i!j��?q�^�o?`#dQ`�^�`#dQ�Hb|kIj�i�e5b5n�n#dQoIl�^�`6gfb�^!n#`��
��b5e�^�q,n�b-dQ`�n)gQqIcLdQo�^�o,e5b;^�o,y1n�^�`#qIj�^�`#dfi!oDb��hkIj�b5n�n#dfi!o,n�^�j�b-o,i!`Ao,i!j#c1n���n�i�^5�HbNj��
^�lHbC�&^�gQq,b5n��hi!j8yhdfn#`�^�o,e5b5n��,^�j�b(p�^�gfn#dK{�b5y=w��
o�^!yIyhdQ`#dfi!oJ�h`#a,b5n�bC`
� iLe5i!cLk�i!o,bNo?`�n
^�j�b1o,i!`6dQo,yIbNk�bNo,yIbNo?`��@�-aIdfe�a�dfn�o,i!`L^�kIkIj�i!kIj#dR^�`�bFp�i!j6^��Hb5eN`�i!j0yIb5e5i!cLk�i&n#d��
`#dfi!oJw0�8a,b0j�b�^!yIbNjVe�^�o_{,o,yO^|e5i!cLkIj�bNa,bNo,n#dQ�HbF^�o�^�gQmhn#dfn�i�p `#aIdfn��?q,b5n#`#dfi!o��?m
��bNj#j�^6r ���<u
w@�8a,b yhj�^5�-��^!e��hnAi�p�`#a,b8���'�Vn#mhn#`�bNc e�^�o0��b i��HbNj�e5i!c1b8�?mV�&^�j#dfi!q,n
^�gQ`�bNj#o�^�`#dQ�Hb1j�bNkIj�b5n�bNo?`�^�`#dfi!o,n��)^!e5e5i!j�yhdQoIlz`�i�yhdK�=bNj�bNo?`�o,i!j#c1n�q,n�b5y�`�i�yIb�{,o,b
`#a,b gQqIcLdQo�^�o,e5bC^�o,y0`#a,b8n�^�`#qIj�^�`#dfi!oJw)�8a,b

L1
o,i!j#c n#mhn#`�bNc a�^!nA^�gQj�b�^!yhm6��b5bNo

dQo?`#j�i�yhq,e5b5y�dQoOrQs��<u@^!n8p�i!gQgfi��(n��























l = 1
3 (max+med+min)

s =

{

3
2 (max− l) if l ≥ med
3
2 (l −min) if l ≤ med

h = k
[

λ+ 1
2 − (−1)λ

(

max+min−2med
2s

)]

v�s<�

�-a,bNj�b
max

�
med

^�o,y
min

j�b�p�bNj�`#a,b-cF^<�hdQcVqIc���`#a,b-c1b5yhdR^�o|^�o,y1`#a,b-cLdQoId��
cVqIc i�p=`#a,b������ e5i!gfi!j�k�i!dQo?`

(r, g, b)
�
k
dfnA`#a,b9^�oIl&gfb(qIoIdQ`;v

π/3
p�i!j�j�^!yhdR^�o,n

^�o,y
42
`�i9� i!j#�6i!o����&tCl&j�bNmVgfbN�HbNgfn��'^�o,y

λ = 0,
dKp
r > g ≥ b � 1, dKp g ≥ r > b �

2,
dKp
g > b ≥ r � 3, dKp b ≥ g > r � 4, dKp b > r ≥ g � 5, dKp r ≥ b > b

^�gQgfi��(nJ`�i-e�a�^�o��
lHb9`�i0`#a,b$e5i!gfi!j(n�b5eN`�i!j�w��
o�^�gQg=kIj�i�e5b5n�n#dQoIl0`#a�^�`8p�i!gQgfi��(n��h`#a,b

l
�
s
^�o,y

h
e5i!c��

k�i!o,bNo?`�n9^�j�bV^�gQ�8^5mhn(`#a,i&n�b$i�p@`#a,b�n#mhn#`�bNc v�s<���Io�^�c1b5y �'��� j�bNkIj�b5n�bNo?`�^�`#dfi!oJw

3. Morphological color operators from LSH
�,i!jFyIbN`�^�dQgfb5y b��hk�i&n#dQ`#dfi!o i!o e5i!cLkIgfbN`�b�gR^�`#`#dfe5b�`#a,b5i!j#m�j�b�p�bNj1`�i r ��u
w!�JbN`

E, T
��bLo,i!o,bNcLkI`
mOn�bN`�w#"Ob1yIbNo,i!`�b1�?m

F(E, T )
`#a,bLk�i�� bNj6n�bN`

T E ��d�w b&wQ�
`#a,bAp�qIo,eN`#dfi!o,n�p�j�i!c

E
i!o?`�i

T
w$��p

T
dfn@^(e5i!cLkIgfbN`�b gR^�`#`#dfe5b&�&`#a,bNo

F(E, T )
dfn@^

e5i!cLkIgfbN`�b-gR^�`#`#dfe5b-`�i�iIw%�JbN`
f
��b(^9l&j�bNm6gfbN�HbNg,dQcF^�lHb&�

f : E → T
�&dQoL`#aIdfnAe�^!n�b

T = {tmin, tmin +1, · · · , tmax}
dfn8^�o|i!j�yIbNj�b5yDn�bN`8i�pJl&j�bNm&��gfbN�HbNgfn�w'�9dQ�HbNoD`#a,b

`#aIj�b5b n�bN`�n
T l, T s, T h ��� b8yIbNo,i!`�b��?m F(E, [T l⊗T s⊗T h])

i!j
F(E, T lsh)

^�gQg
e5i!gfi!j-dQcF^�lHb5n-dQo�^(�'��� j�bNkIj�b5n�bNo?`�^�`#dfi!o~v

T lsh dfn `#a,b;kIj�i�yhq,eN`(i�p T l, T s, T h �
d�w b&wQ�

ci ∈ T lsh ⇔ ci = {(li, si, hi); li ∈ T l, si ∈ T s, hi ∈ T h}
��w�"Ob�yIbNo,i!`�b

`#a,b�bNgfbNc1bNo?`�n1i�p
F(E, T lsh)

�?m
f
�A�-a,bNj�b

f = (fL, fS , fH)
^�j�b|`#a,b|e5i!gfi!j

e5i!cLk�i!o,bNo?`Ap�qIo,eN`#dfi!o,n�w%)9n#dQoIl�`#aIdfn)j�bNkIj�b5n�bNo?`�^�`#dfi!oJ��`#a,b-�&^�gQq,b-i�p
f
^�` ^9k�i!dQo?`
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x ∈ E
�'�-aIdfe�a�gQdfb5n6dQo

T lsh �'dfn0yIbNo,i!`�b5y}�?m f(x) = (fL(x), fS(x), fH(x))
w

�9i!`�b0`#a�^�`V`#a,bLn�bN`�n
T l, T s e5i!j#j�b5n#k�i!o,yhdQoIlz`�i�`#a,bLgQqIcLdQo�^�o,e5bD^�o,y�`#a,b1n�^�`��

qIj�^�`#dfi!o ^�j�b_e5i!cLkIgfbN`�b�`�i!`�^�gQgQmxi!j�yIbNj�b5y gR^�`#`#dfe5b5n�w �8a,b_a?q,b�e5i!cLk�i!o,bNo?`�dfn
^�o ^�oIl&qIgR^�j0p�qIo,eN`#dfi!o yIb�{,o,b5y i!o�`#a,bDqIoIdQ`1eNdQj�eNgfb&�

T h = C
�)�-aIdfe�a a�^!n0o,i

k�^�j#`#dR^�g(i!j�yIbNj#dQoIl,w �JbN`
a : E → C

��b�^�o ^�oIl&qIgR^�jLp�qIo,eN`#dfi!oJ��`#a,b�^�oIl&qIgR^�j
yhdK�=bNj�bNo,e5bDrQs��h���<u'dfn9yIb�{,o,b5y_^!n

ai ÷ aj =| ai − aj |
dKp
| ai − aj |≤ 180o i!j

ai÷aj = 360o− | ai−aj |
dKp
| ai−aj |> 180o w$�
`'dfn'k�i&n�n#dQ�Igfb�`�iC{I�0^�oLi!j#dQl&dQo

i!o
C
�2yIbNo,i!`�b5yY�?m

h0
w�"Ob6e�^�oYo,i�� yIb�{,o,b0^

h0
�
e5bNo?`�bNj�b5y_a?q,b�p�qIo,eN`#dfi!o_�?m

e5i!cLkIqI`#dQoIl
fH(x) ÷ h0

w@�8a,b9p�qIo,eN`#dfi!o
(fH ÷ h0)(x)

dfn(^�o�i!j�yIbNj�b5y�n�bN`(^�o,y
`#a,bNj�b�p�i!j�b8gfb�^!yIn)`�i�^9`�i!`�^�g,e5i!cLkIgfbN`�b(i!j�yIbNj�b5yLgR^�`#`#dfe5b(yIbNo,i!`�b5yL�?m

T h÷h0
w$"Ob

kIj�i!k�i&n�b8`�i$yhdfn#`#dQoIl&qIdfn#aL`
� i�cF^�dQo1eNgR^!n�n�b5n)i�p�c1i!j#kIa,i!gfi!l&dfe�^�g2e5i!gfi!jAi!k�bNj�^�`�i!j�n��
`#a,bV�Hb5eN`�i!j���`�i ���Hb5eN`�i!j�i!k�bNj�^�`�i!j�n;i!j������
i!k�bNj�^�`�i!j�n$^�o,yz`#a,bV�Hb5eN`�i!j���`�i �
n�e�^�gR^�j
i!k�bNj�^�`�i!j�n-i!j���� �
i!k�bNj�^�`�i!j�n�w��JbN`

f ,g ∈ F(E, T lsh)
��b9`
� iLe5i!gfi!j-dQcF^�lHb5n-dQo

�'��� e5i!gfi!j9n#k�^!e5b6^�o,y
h ∈ F(E, T )

^0l&j�bNm�gfbN�HbNg�dQcF^�lHb&w 	CoYi!k�bNj�^�`�i!j
Ψ
dfn

e�^�gQgfb5y}^������
i!k�bNj�^�`�i!j�dKp
Ψ : T lsh → T lsh; g = Ψ(f).

	CoOi!k�bNj�^�`�i!j
Φ
dfn

e�^�gQgfb5yY^���� �
i!k�bNj�^�`�i!j9dKp
Φ : T lsh → T ; h = Φ(f).

�
oY^!yIyhdQ`#dfi!oJ�=^1e5i!oIo,b5e
�
`#dQ�HbFeNj#dQ`�bNj#dfi!o

σ : F ⊗ P(E) → [0, 1]
e�^�o}��bF^�kIkIgQdfb5y}`�iz^�e5i!gfi!jVdQcF^�lHb

fp�i!jVn�bNl&c1bNo?`#dQoIl_^�o,y}i!�I`�^�dQoIdQoIl_^|k�^�j#`#dQ`#dfi!o
Dσ

v�n�b5bD��bNj#j�^
	 n6n�bNl&c1bNo?`�^�`#dfi!o
`#a,b5i!j#m rQs��<u���w)�,i!j�`#a,bCn�^��HbCi�pJn#dQcLkIgQdfeNdQ`
mH�h� bCe5i!o,n#dfyIbNj `#a�^�`8^�n�bNl&c1bNo?`�^�`#dfi!o
i!k�bNj�^�`�i!j9��^!n�b5yzi!o_^1e5i!oIo,b5eN`#dQ�Hb6eNj#dQ`�bNj#dfi!o_dfn9^���� �
i!k�bNj�^�`�i!j�wC�9dK�=bNj�bNo?`;i!j��
yIbNj#dQoIl$j�bNgR^�`#dfi!o,n#aIdQk,n)��bN`
� b5bNoL�Hb5eN`�i!j�n)a�^5�Hb8��b5bNoLn#`#q,yhdfb5y�r �<u
w'�8a,b8cF^�j#l&dQo�^�g
i!j�yIbNj#dQoIl$i!j)] �
i!j�yIbNj#dQoIl;dfn)^Ck�^�j#`#dR^�gIi!j�yIbNj#dQoIl,�&��^!n�b5y0i!o6`#a,b q,n#q�^�g�k�i!dQo?`
�-dfn�b
i!j�yIbNj#dQoIl�vWd�w b&wQ��e5i!cLk�i!o,bNo?`;�?mze5i!cLk�i!o,bNo?`���w�	Co,i!`#a,bNj9c1i!j�b6dQo?`�bNj�b5n#`#dQoIl�i!j��
yIbNj#dQoIlVdfn�e�^�gQgfb5yFe5i!o,yhdQ`#dfi!o�^�g�i!j�yIbNj#dQoIl0i!j
� �
i!j�yIbNj#dQoIl,���-a,bNj�b(`#a,b(�Hb5eN`�i!j�n8^�j�b
i!j�yIbNj�b5y1�?m0c1b�^�o,n�i�p=n�i!c1b-cF^�j#l&dQo�^�g2e5i!cLk�i!o,bNo?`�n n�b �?q,bNo?`#dR^�gQgQm1n�bNgfb5eN`�b5yD^!e
�
e5i!j�yhdQoIl9`�i9yhdK�=bNj�bNo?`)e5i!o,yhdQ`#dfi!o,n�w@�8aIdfn�dfn'e5i!cLc1i!oIgQmVo�^�c1b5y0^!n�gfb��hdfe5i!l&j�^�kIaIdfe
i!j�yIbNj#dQoIlD�-aIdfe�aYdfn9^L`�i!`�^�g'i!j�yIbNj#dQoIl,w�)9n#dQoIlD^1] �
i!j�yIbNj#dQoIlFp�i!jC`#a,bVbNgfbNc1bNo?`�n
i�p

F(E, T lsh)
� b|e�^�o�dQo?`#j�i�yhq,e5b|e5i!gfi!j0�Hb5eN`�i!j0�&^�gQq,b5n6dQo�`#a,bF`#j�^�o,n�p�i!j#c1b5y

dQcF^�lHb9`#a�^�`(^�j�bCo,i!`8kIj�b5n�bNo?`8dQo|`#a,bCdQoIkIqI`8dQcF^�lHbLvW`#a,b9kIj�i!�IgfbNc i�p���p�^�gfn�b9e5i!g��
i!j�n�����w)�8a,b�^�kIkIgQdfe�^�`#dfi!ozi�p)^�� �
i!j�yIbNj#dQoIl1dQo

F(E, T lsh)
kIj�b5n�bNj#�Hb5n-`#a,b9dQoIkIqI`

e5i!gfi!jC�Hb5eN`�i!j�n�w'"xa,bNoYyIb�^�gQdQoIlF�-dQ`#aYi!k�bNj�^�`�i!j�n(p�i!jCe5i!gfi!jCdQcF^�lHb5n
F(E, T lsh)

� �
i!j�yIbNj#dQoIlHn ^�j�b-dQo,yhdfe�^�`�b5y1`�i$�IqIdQgfy������
i!k�bNj�^�`�i!j�nCv
g = Ψ(f)

���HdQo?`#j�i�yhq,eNdQoIl
o,i�o,bN� e5i!gfi!j�nDr �hs�u
�@�IqI`6e�^�o~��bD^�gfn�i�q,n�b5y�p�i!j���� �
i!k�bNj�^�`�i!j�n�v

h = Φ(f)
��w

	CoFdQo,e5i!o?�HbNoIdfbNo?`Ci�p�`#a,b�� �
i!j�yIbNj#dQoIlHn�vW�Hb5eN`�i!j#dR^�g�^�kIkIj�iH^!e�a2��dfn�`#a,b;e5i!cLkIqI`�^ �
`#dfi!o�^�g,e5i!cLkIgfb��hdQ`
mLi�p2`#a,b(^�gQlHi!j#dQ`#aIc1n)�-aIdfe�a1gfb�^!yIn)`�i;n#gfi�� dQcLkIgfbNc1bNo?`�^�`#dfi!o,n�w
�9i�� bN�HbNj���dQozkIj�^!eN`#dfe5b&�Ip�i!j(cF^�o?mz^�kIkIgQdfe�^�`#dfi!o,nLv�b&w l,w8n�bNl&c1bNo?`�^�`#dfi!o�^�o,y�p�b�^ �
`#qIj�b9b��h`#j�^!eN`#dfi!o2�AdQo?�Hi!gQ��dQoIl���� �
i!k�bNj�^�`�i!j�n���`�i!`�^�g=i!j�yIbNj#dQoIlHn(^�j�bCo,i!` j�b �?qIdQj�b5y
^!n$� bNgQg ^!n$dQo,eNj�bNc1bNo?`V��^!n�b5yOi!k�bNj�^�`�i!j�nFv�b&w l,wLl&j�^!yhdfbNo?`�n0^�o,y_`�i!k���a�^�`�n��$e�^�o
��b$yIb�{,o,b5y�dQo�`#a,b$qIoIdQ`9eNdQj�eNgfb

T
�-dQ`#a,i!qI`-{I�hdQoIl|^�ozi!j#dQl&dQozi!o�`#a,b�a?q,b�e5i!c��

k�i!o,bNo?`�r �<u
w
"ObDe5i!o,n#dfyIbNj0`#a,bNj�b�p�i!j�bD`#a�^�`L] �
i!j�yIbNj#dQoIlHnLe�^�o~��bFdQo?`�bNj�b5n#`#dQoIl
p�i!j�yIbN�HbNgfi!kIdQoIlYe5i!gfi!jVi!k�bNj�^�`�i!j�n�w �JbN`

ψi
��b0`#a,bLcF^�kIkIdQoIl

ψi : T → T
^�o

i!k�bNj�^�`�i!j p�i!j l&j�bNmFgfbN�HbNg�dQcF^�lHb5n�vWcF^�j#l&dQo�^�gJi!k�bNj�^�`�i!j���w �
oDlHbNo,bNj�^�g��,^Vn�bNk�^�j�^ �
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�IgfbVcF^�j#l&dQo�^�gAi!k�bNj�^�`�i!j9dfnCp�i!j#cF^�gQdQ��b5yY�?m
h = Ξ(Ψ1(fL),Ψ2(fS),Ψ3(fH))

�
�-a,bNj�b

Ξ
dfn�^$c1bNj#l&dQoIl�p�qIo,eN`#dfi!o_vWgQdQo,b�^�j i!j�o,i!o���gQdQo,b�^�j��)`�i�e5i!cV�IdQo,bC`#a,b(e5i!c��

k�i!o,bNo?`�n�w��C�?��dfi!q,n#gQmH�&^�gQ`#a,i!qIl&a6gfb5n�nJq,n�b�p�qIg���] �
i!k�bNj�^�`�i!j�n�e�^�oV��b�^�gfn�iC^�kIkIgQdfb5y
`�i������
i!k�bNj�^�`�i!j�n6vWd�w b&wQ�

g = (Ψ1(fL),Ψ2(fS),Ψ3(fH))
��w

4. Total orderings using lexicographical cascades
�JbN`

ci = (ui, vi, wi)
^�o,y

cj = (uj , vj , wj)
��b8`
� iV^�j#�IdQ`#j�^�j#mLe5i!gfi!jAk�i!dQo?`�n��

d�w b&wQ�
ci, cj ∈ T lsh ���-a,bNj�b0`#a,b0lHbNo,bNj#dfeLe5i!cLk�i!o,bNo?`�n (uk, vk, wk)

^�j�b
fL(x)

�
fL(x)

`#a,bV^�o,y�o,bNl?^�`#dQ�HbVi�p)`#a,b
h0
�
e5bNo?`�bNj�b5yza?q,b

(fH(x) ÷ h0)
vW`#a,b�eNgfi&n�b5n#`

�&^�gQq,b
fH(x)

`�i
h0
cVq,n#`(��b;`#a,b�n#qIkIj�bNcVqIcD�-i�p@`#a,b�e5i!gfi!j(dQcF^�lHb

f
^�`-k�i!dQo?`

x
w)�8a,b

Ω
��gfb��hdfe5i!l&j�^�kIaIdfe�^�g'i!j�yIbNj#dQoIl|i!j

<Ω
dfn(yIb�{,o,b5yY^!n

ci <Ω cj if







ui < uj or
ui = uj and vi < vj or
ui = uj and vi = vj and wi < wj

"Ob9yIbNo,i!`�bC`#a,bCgfb��hdfe5i!l&j�^�kIaIdfe�^�gJe�^!n�e�^!yIbC�?m
Ωuvw

w��
oF`#aIdfn e�^!n�bC`#a,bCkIj#dfi!j#dQ`
m
dfn$l&dQ�HbNo}`�i|`#a,b1e5i!cLk�i!o,bNo?`

u
�J`#a,bNoO`�i

v
^�o,y_{,o�^�gQgQm_`�i

w
w��C�?��dfi!q,n#gQmH��dQ`

dfn k�i&n�n#dQ�IgfbC`�i0yIb�{,o,b$i!`#a,bNj-i!j�yIbNj#dQoIlHn p�i!j8dQcLk�i&n#dQoIl1^VyIi!cLdQo�^�o?`(j�i!gfb9`�iL^�o?m
i!`#a,bNjCi�p@`#a,b$�Hb5eN`�i!j9e5i!cLk�i!o,bNo?`�n�w��8a,b�yhj�^5�-��^!e��zi�p@`#aIdfn-��dQo,y�i�p)i!j�yIbNj#dQoIlHn
dfn6`#a�^�`0c1i&n#`Li�pC�Hb5eN`�i!jLk�^�dQj�nL^�j�b|n�i!j#`�b5y~�?m}`#a,b|e�a,i&n�bNo�{,j�n#`0e5i!cLk�i!o,bNo?`�w
�8a,bNj�b0dfn$^Dn#dQcLkIgfb6�8^5mYdQo�i!j�yIbNj$`�iDcF^��Hb

Ω
�
i!j�yIbNj#dQoIl�c1i!j�b���b��hdQ�Igfb0�-aIdfe�a

dQo?�Hi!gQ�Hb5n;`#a,bVgQdQo,b�^�j;j�b5yhq,eN`#dfi!o�i�p�`#a,b6yhm�o�^�cLdfe6cF^�j#l&dQo�i�pA`#a,bV{,j�n#`;e5i!cLk�i �
o,bNo?`��J^�kIkIgQm�dQoIl�^DyhdQ��dfn#dfi!oY�?m_^Fe5i!o,n#`�^�o?`V^�o,yYj�i!qIo,yhdQoIl�i��)�2d�w b&wQ��e�a�^�oIl&dQoIl
u
�?m

du/αe
w �
`�dfnAo�^�c1b5y|^�o

α−
c1i�yhqIgQq,n

Ω
��gfb��hdfe5i!l&j�^�kIaIdfe�^�g=i!j�yIbNj#dQoIl,wA�8a,b

�&^�gQq,b;p�i!j
α
e5i!o?`#j�i!gfnC`#a,b�dQo��,q,bNo,e5bVyIbNl&j�b5bVi�p@`#a,b${,j�n#`Ce5i!cLk�i!o,bNo?`C�-dQ`#azj�b
�

l?^�j�yO`�i�`#a,b1i!`#a,bNj�n|v�^���i��HbD^�gQg�`#a,bFn�b5e5i!o,y}i!o,b&�'n#dQo,e5b1`#a,bFe�^!n�e�^!yIbD^�gQc1i&n#`
o,bN�HbNj(j�b�^!e�a,b5n(`#a,b$`#aIdQj�y�j�i��9��w
"Ob6`#a,bNoOyIb�{,o,bL`#aIj�b5b0cF^�dQo_p�^�cLdQgQdfb5n$i�p gfb��hdfe5i!l&j�^�kIaIdfe�^�g i!j�yIbNj#dQoIlHn;p�j�i!c

`#a,b�j�bNkIj�b5n�bNo?`�^�`#dfi!o �'���(�)gQqIcLdQo�^�o,e5b
����^!n�b5y
Ωl|αs(h÷h0)

� n�^�`#qIj�^�`#dfi!o�����^!n�b5y
Ωs|αl(h÷h0)

^�o,y1a?q,b
����^!n�b5y
Ω(h÷h0)sl

w@�8a,b(�&^�gQq,b(i�p
h0
m�dfbNgfyIn ^�oFdQcLk�i!j#`�^�o?`

yIbNl&j�b5b�i�p�p�j�b5b5yIi!c �-aIdfe�a0^�gQgfi��(n�q,nJ`�i(^!eN`'i!oV^-n#k�b5eNdK{�e)a?q,b&w$	�yhdfn�^!yh�&^�o?`�^�lHb
i�p�`#a,bVa?q,b
����^!n�b5y_i!j�yIbNj#dQoIl�dfnCdQ`�n9dQo,n#`�^��IdQgQdQ`
m�p�i!j9`#a,bVgfi�� n�^�`#qIj�^�`#dfi!o_k�i!dQo?`�n
v�yhdK�=bNj�bNo?`0n�i!gQqI`#dfi!o,n6e�^�o~��bLq,n�b5yO�-aIdfe�a ^�j�b1��^!n�b5y}i!o�^�� bNdQl&a?`#dQoIl�i�p(`#a,b
a?q,bL�?m_`#a,b1n�^�`#qIj�^�`#dfi!oxrQs�u���wF�8a,b � �
i!j�yIbNj#dQoIlYe5i!gfi!jVc1i!j#kIa,i!gfi!l&m_a�^!n���b5bNo
�-dfyIbNgQm|n#`#q,yhdfb5y|dQo�`#a,b9p�j�^�c1bN� i!j#��i�p'gQqIc���n�^�`
�<a?q,b�j�bNkIj�b5n�bNo?`�^�`#dfi!o,nCn#q,e�az^!n
� b0kIj�i!k�i&n�b0a,bNj�b�v�b&w l,w6�?mY�;^�o?�IqIj#mO^�o,y}��bNj#j�^_rQs��<u
�=�?m��Cj#`#dQ�1bN`V^�g�w@rQs��!u����
�IqI`@c1i&n#`@i�p�� i!j#�hnA^�j�b �HbNj#mVkIj�bNgQdQcLdQo�^�j#m6n#`#q,yhdfb5n��!��bNdQoIl;gQdQcLdQ`�b5y6`�i9`#a,b ��^!n#dfe
i!k�bNj�^�`�i!j�n
�Co,e5bY`#a,b5n�b_i!j�yIbNj�nDa�^5�Hb_��b5bNo yIb�{,o,b5y=�C`#a,bYc1i!j#kIa,i!gfi!l&dfe�^�g�e5i!gfi!j �����

i!k�bNj�^�`�i!j�n ^�j�bCyIb�{,o,b5y1dQo1`#a,b(n#`�^�o,y,^�j�y1�8^5mHw�"Ob-gQdQcLdQ`�i!qIj yIbN�HbNgfi!kIc1bNo?`�n `�i
`#a,b	�2^�`)i!k�bNj�^�`�i!j�n�w'�8a,b e5i!gfi!j)bNj�i&n#dfi!o0i�p�^�o6dQcF^�lHb

f
^�`@kIdK�IbNg

x
�?m�`#a,b8n#`#j#q,e
�

`#qIj#dQoIlFbNgfbNc1bNo?`
B
i�p)n#dQ��b

n
dfn
εΩ,nB(f)(x) = {f(y) : f(y) = infΩ[f(z)], z ∈
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f ϕrec
Ω1,n1B(f) γrec

Ω1,n2B(f) ϕrec
Ω2,n1B(f) ϕrec

Ω3,n2B(f)
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n(Bx)},
�-a,bNj�b

infΩ
dfn�`#a,b�dQoh{,cVqIc ^!e5e5i!j�yhdQoIl;`�i(`#a,b�gfb��hdfe5i!l&j�^�kIaIdfe�^�gIi!j�yIbNj��

dQoIl
Ω
wV�8a,bLe5i!j#j�b5n#k�i!o,yhdQoIlYe5i!gfi!j�yhdQgR^�`#dfi!o

δΩ,nB
dfn$i!�I`�^�dQo,b5y��?mYj�bNkIgR^!eNdQoIl

`#a,b
infΩ

�?mY`#a,b
supΩ

w�	 e5i!gfi!j�i!k�bNoIdQoIl
γΩ,nB

dfnV^�oObNj�i&n#dfi!o�p�i!gQgfi�� b5yO�?m
^_yhdQgR^�`#dfi!oJ�8^�o,y ^_e5i!gfi!j1eNgfi&n#dQoIl

ϕΩ,nB
dfn1^_yhdQgR^�`#dfi!o p�i!gQgfi�� b5y �?m ^�o bNj�i �

n#dfi!oJw �Co,e5bL`#a,b1e5i!gfi!jVi!k�bNoIdQoIlY^�o,yOeNgfi&n#dQoIlY^�j�bLyIb�{,o,b5yOdQ`$dfn�i!�?��dfi!q,n�a,i��
`�iLb��h`�bNo,y�i!`#a,bNj(eNgR^!n�n#dfe�^�gJi!k�bNj�^�`�i!j�n-gQdQ�Hb$`#a,b�^�gQ`�bNj#o�^�`�b�n�b �?q,bNo?`#dR^�g={,gQ`�bNj�n(i!j
`#a,b(l&j�^�o?qIgfi!c1bN`#j#dfb5n�w�]Yi!j�b5i��HbNj���q,n#dQoIl0^$�Hb5eN`�i!j#dR^�g�yhdfn#`�^�o,e5bC`�iVe�^�gfeNqIgR^�`�b9`#a,b
yhdK�=bNj�bNo,e5b�k�i!dQo?`����?m&��k�i!dQo?`$i�p)`
� iFdQcF^�lHb5n

d(f ,g)(x)
�
d : T lsh × T lsh → T

�
x ∈ E

�A� b�e�^�o b�^!n#dQgQm~yIb�{,o,b|`#a,b|`
� i�c1i&n#`1eNgR^!n�n#dfe�^�g���� �
i!k�bNj�^�`�i!j�n��|`#a,b
c1i!j#kIa,i!gfi!l&dfe�^�g,l&j�^!yhdfbNo?`��Hd�w b&wQ�

%Ω(f) = d(δΩ,B(f), εΩ,B(f))
�?^�o,y6`#a,b `�i!k���a�^�`

`#j�^�o,n�p�i!j#cF^�`#dfi!oJ�=d�w b&wQ�
ρ+
Ω,nB(f) = d(f , γΩ,nB(f))

w �
o�^!yIyhdQ`#dfi!oJ�=� b0kIj�i!k�i&n�b
^�gfn�iL`#a,b�b��h`�bNo,n#dfi!oYi�p)`#a,b�i!k�bNj�^�`�i!j�n��
�?m|j�b5e5i!o,n#`#j#q,eN`#dfi!o
�VdQcLkIgfbNc1bNo?`�b5yzq,n��
dQoIl0`#a,b;e5i!gfi!j-lHb5i�yIb5n#dfe;yhdQgR^�`#dfi!o��-aIdfe�a�dfn8��^!n�b5y|i!o|j�b5n#`#j#dfeN`#dQoIlL`#a,b;dQ`�bNj�^�`#dQ�Hb
yhdQgR^�`#dfi!ozi�p)^Vp�qIo,eN`#dfi!o�cF^�j#�HbNj

m
�?m

B
`�i1^Vp�qIo,eN`#dfi!o�j�b�p�bNj�bNo,e5b

f
r ���<u
�hd�w b&wQ�

δn
Ω(m, f) = δ1Ωδ

n−1
Ω (m, f)

�A�-a,bNj�b
δ1Ω(m, f) = δΩ,B(m) ∧Ω f
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Dσ(f) = {Ri}
n
i=1

q,n#dQoIlO`#a,b|kIj�b5e5b5yIbNo?`
e5i!gfi!jDn�bNl&c1bNo?`�^�`#dfi!o ^�gQlHi!j#dQ`#aIc�w �9i����-^!e5e5i!j�yhdQoIl~`#a,b�c1b�^�o �&^�gQq,bzi�p$`#a,b
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Ri
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i!j�yIbNj#dQoIl vWgfbN�HbNgQdQoIl��6^!y,^�kI`�b5y}`�iz`#a,b1o�^�`#qIj�b|i�p-`#a,bFj�bNl&dfi!oJwz�8a,bFj�b5n#qIgQ`�n
i!�I`�^�dQo,b5yz�?m�`#aIdfn({,gQ`�bNj#dQoIl�^�kIkIj�iH^!e�a v�n�b5bVb��,^�cLkIgfb�dQo�{,l&qIj�b����8m�dfbNgfyIn(�HbNj#m
n#`#j�i!oIlVn#dQcLkIgQdK{�e�^�`#dfi!o,n;vWdQoL`�bNj#c1n�i�p=e5i!gfi!j��2^�`A��i!o,b5nAj�b5yhq,eN`#dfi!o2�@�IqI`A�Hb5bNkIdQoIl
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f λΩ(V MFn(f), f) λDσ
(f)

Figure 4
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6. Conclusions and perspectives
�8a,b;b��h`�bNo,n#dfi!o�i�p�cF^�`#a,bNcF^�`#dfe�^�gJc1i!j#kIa,i!gfi!l&mDi!k�bNj�^�`�i!j�n8`�i6cVqIgQ`#d����&^�gQq,b5y

p�qIo,eN`#dfi!o,n;dfn;o,bNdQ`#a,bNj�yhdQj�b5eN`$o,i!j$lHbNo,bNj�^�g���^���i��Hb1^�gQg@dKp `#a,bL^�dQc dfn;`�i|i!�I`�^�dQo
q,n�b�p�qIgC`#j�^�o,n�p�i!j#cF^�`#dfi!o,n�w "Ob�a�^5�Hbzp�i�eNq,n�b5y i!oxe5i!gfi!jDdQcF^�lHb5nFdQo i!j�yIbNjD`�i
yIbN�HbNgfi!k_n#k�b5eNdK{�e�� bNgQg��
^!y,^�kI`�b5yYc1i!j#kIa,i!gfi!l&dfe�^�g)e5i!gfi!j9i!k�bNj�^�`�i!j�n�w(��iD^!e�aIdfbN�Hb
`#a�^�`��A� b|a�^5�Hb|kIj�i�e5b5b5yIb5y�dQo�`#aIj�b5b�n#`�bNk,n�w

.1
)9n�b|i�p;^Ye5i!gfi!jLj�bNkIj�b5n�bNo?`�^ �

`#dfi!o v�n#mhn#`�bNc �'��� dQo_o,i!j#c
L1
�-�-aIdfe�a�m�dfbNgfyIn��VvWdW�9^Fe5i!j#j�b5eN`9p�i!j#cF^�gQdQ�<^�`#dfi!o

p�j�i!c ^�cF^�`#a,bNcF^�`#dfe�^�gJ��dfbN�-k�i!dQo?`��JvWdQdW�8^�o|dQo?`#qIdQ`#dQ�Hb;dQo?`�bNj#kIj�bN`�^�`#dfi!oYi�p'b��=b5eN`�n
v�^!n$dQ`�dfn$q,n#q�^�gAdQoOcF^�`#a,bNcF^�`#dfe�^�g c1i!j#kIa,i!gfi!l&m,� � .2 � �hkIgfi!j�b1`#a,b1yhdQj�b5eN`Vb�� �`�bNo,n#dfi!o~i�p8c1i!j#kIa,i!gfi!l&dfe�^�g-i!k�bNj�^�`�i!j�nV�?m_q,n#dQoIlzgfb��hdfe5i!l&j�^�kIaIdfeDi!j�yIbNj#dQoIlHn6i!o
`#a,b �'���xn#mhn#`�bNc��!kIj�i���dQoIl$`#a,b8dQcLkIj�i��HbNc1bNo?`Ap�i!j'{,gQ`�bNj#dQoIl6^�kIkIgQdfe�^�`#dfi!o,n)�-a,bNo
e5i!cLk�^�j�b5y1`�i$`#a,b-q,n�b-i�p=gQqIcLdQo�^�o,e5bCi!oIgQm � .3 �
o?`#j�i�yhq,e5b(o,bN� cF^�j#l&dQo�^�g2i!k�bNj��^�`�i!j�n �-aIdfe�a|`�^��Hb;^!yh�&^�o?`�^�lHb;i�p'^�o�^!y,^�kI`#dQ�Hb;e5i!cV�IdQo�^�`#dfi!ozi�pJ`#a,b9e�aIj�i!cF^�`#dfe
^�o,y}`#a,b|^!e�aIj�i!cF^�`#dfe}v�i!j6`#a,bDn#k�b5eN`#j�^�g-^�o,y~`#a,bDn#k�^�`#dfi ��lHb5i!c1bN`#j#dfe<�6e5i!cLk�i �
o,bNo?`�n�wO]Yi!j�b5i��HbNj��A`#a,b5n�b|n�bNk�^�j�^��IgfbDc1b5e�a�^�oIdfn#c1nF^�gQgfi�� `#a,b�^�kIkIgQdfe�^�`#dfi!o i�p
eNgR^!n�n#dfe�^�g�l&j�bNm|gfbN�HbNg�dQcLkIgfbNc1bNo?`�^�`#dfi!o,n;�-dQ`#aYn#dQcLkIgfbVe5i!cLkIgfb��hdQ`
mzbNgfbNc1bNo?`�n9`�i
��b�^!yIyIb5y=w
"ObDe�^�o�e5i!o,eNgQq,yIbD`#a�^�`V`#a,bDyhdfe�a,i!`�i!cVm � �
i!j�yIbNj#dQoIl_�hn�w�] �
i!j�yIbNj#dQoIlzp�i!j

e5i!gfi!jLi!k�bNj�^�`�i!j�nLe�^�o���bFdQo?`�bNl&j�^�`�b5y dQo ^�o�qIoIdK{�b5y}p�j�^�c1bN� i!j#�~kIj�i���dfyhdQoIl}^
�-dfyIb1j�^�oIlHbDi�pCi!k�bNj�^�`�i!j�n�w "Ob1a�^5�Hb|yIbNc1i!o,n#`#j�^�`�b5y}�?mOc1b�^�o,n6i�pCyhdK�=bNj�bNo?`
^�kIkIgQdfe�^�`#dfi!o,n�i!oxj�b�^�g;dQcF^�lHb5n�vW�Idfi!c1b5yhdfe�^�g$cLdfeNj�i&n�e5i!k?mH�9e�^�j#`�i!l&j�^�kIa?mH�;n�bNl �
c1bNo?`�^�`#dfi!o ^�o,y~e5i�yhdQoIlYdQo}cVqIgQ`#dQc1b5yhdR^h��bN`�e&w � `#a,b|^!yh�&^�o?`�^�lHb5nLi�pCi!qIjVo,bN�
^�gQlHi!j#dQ`#aIc1n�w�"ObV��bNgQdfbN�HbV`#a�^�`9`#a,bVkIj�i!k�i&n�b5yzc1bN`#a,i�yIi!gfi!l&mYi!k�bNo,nCo,bN� k�i&n��
n#dQ�IdQgQdQ`#dfb5nAp�i!j�`#a,b;^�kIkIgQdfe�^�`#dfi!o�i�pJcF^�`#a,bNcF^�`#dfe�^�g�c1i!j#kIa,i!gfi!l&m1`�i6e5i!gfi!j�w � n#k�b
�eNdR^�gQgQmH�=� bF^�j�b0� i!j#��dQoIlzi!o�`#aIj�b5b0dfn�n#q,b5n��LvWdW�ClHb5i�yIb5n#dfeLe5i!gfi!j$j�b5e5i!o,n#`#j#q,eN`#dfi!o
p�i!j'n#k�b5eNdK{�e i!���#b5eN`@b��h`#j�^!eN`#dfi!oJ�,vWdQdW�Jn#�HbNgfbN`�i!o,n)^�o,yV`#aIdQoIoIdQoIlHn@i�p2e5i!gfi!j@i!���#b5eN`�n��
vWdQdQdW�8e5i!gfi!j(l&j�^�o?qIgfi!c1bN`#j#dfb5n�w
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