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Abstract The extension of lattice based operators to color images is still a chal-
lenging task in mathematical morphology. The first choice of a well-
defined color space is crucial and we propose to work on a lum/sat/hue
representation in norm L;. We then introduce an unified framework
to consider different ways of defining morphological color operators ei-
ther using the classical formulation with total orderings by means of
lexicographic cascades or developing new transformations which takes
advantage of an adaptive combination of the chromatic and the achro-
matic (or the spectral and the spatio-geometric) components. More
precisely, we prove that the presented saturation-controlled operators
cope satisfactorily with the complexity of color images. Experimental
results illustrate the performance and the potential applications of the
new algorithms.
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1. Introduction

Mathematical morphology is the application of lattice theory to spatial
structures [16] (i.e. the definition of morphological operators needs a
totally ordered complete lattice structure). Therefore the extension of
mathematical morphology to color images is difficult due to the vectorial
nature of the color data. Fundamental references to works which have
formalized the vector morphology theory are [17] and [8].

Here we propose here a unified framework to consider different ways
of defining morphological color operators in a luminance, saturation and
hue color representation. This paper is a summary of the Ph. D. Thesis
of the author [1] done under the supervision of Prof. Jean Serra (full
details of the algorithms and many other examples can be found in [1]).
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2. Luminance/Saturation/Hue color in norm L,

The primary question to deal with color images involves choosing a
suitable color space representation for morphological processing. The
RGB color representation has some drawbacks: components are strongly
correlated, lack of human interpretation, non uniformity, etc. A polar
representation with the variables luminance, saturation et hue (lum/sat/hue)
allows us to solve these problems. The HLS system is the most popular
lum /sat /hue triplet. In spite of its popularity, the HLS representation
often yields unsatisfactory results, for quantitative processing at least,
because its luminance and saturation expressions are not norms, so aver-
age values, or distances, are falsified. In addition, these two components
are not independent, which is not appropriate for a vector decomposi-
tion. The reader can find a comprehensive analysis of this question by
Serra [20]. The drawbacks of the HLS system can be overcome by various
alternative representations, according to different norms used to define
the luminance and the saturation. The L; norm system has already been
introduced in [18] as follows:

= (maz < med-+ min)
S(max —1) if 1> med

S_{g(l—mm) if 1 <med (1)

h=k A+ ] - (-1 (martmin-dmed)]

where maz, med and min refer the maximum, the median and the mini-
mum of the RGB color point (r, g, b), k is the angle unit (/3 for radians
and 42 to work on 256 grey levels) and A = 0,if r > g > b; 1,if g > r > b;
2ifg>b>r;3,if b>g>nr;4,if b >r > g;5,if r > b > b allows to chan-
ge to the color sector. In all processing that follows, the [, s and A com-
ponents are always those of the system (1), named LSH representation.

3. Morphological color operators from LSH

For detailed exposition on complete lattice theory refer to [7]. Let
E,T be nonempty set. We denote by F(E,T) the power set 77 i.e.,
the functions from F onto 7. If 7 is a complete lattice, then F(E,T) is a
complete lattice too. Let f be a grey level image, f : E — 7, in this case
T = {tmin, tmin + 1, -+, tmaz } s an ordered set of grey-levels. Given the
three sets 7', 7%, 7", we denote by F(E, [T'®@T*®T")) or F(E, T"") all
color images in a LSH representation (7" is the product of 7%, 7%, 7",
ie,c; € T o c; = {(li,8:,h); l; € T',s; € T®, h; € Th}). We denote
the elements of F(E,T"") by f, where f = (fz, fs, fz) are the color
component functions. Using this representation, the value of f at a point
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r € E, which lies in 7%", is denoted by f(z) = (fr(z), fs(z), fu(z)).
Note that the sets 7%, 7% corresponding to the luminance and the sat-
uration are complete totally ordered lattices. The hue component is
an angular function defined on the unit circle, 7" = C, which has no
partial ordering. Let a : E — C be an angular function, the angular
difference [15, 9] is defined as a; + a; =| a; — a; | if | a; — a; |< 180° or
a;+a; = 360°— | a;—aj | if | a;—a; |> 180°. It is possible to fix an origin
on C, denoted by hg. We can now define a hg-centered hue function by
computing fr(z) + ho. The function (fr + ho)(z) is an ordered set and
therefore leads to a total complete ordered lattice denoted by 7h*ho, We
propose to distinguish two main classes of morphological color operators,
the vector-to-vector operators or VV-operators and the vector-to-scalar
operators or VS-operators. Let f, g € F(E,T"") be two color images in
LSH color space and h € F(E,7T) a grey level image. An operator V¥ is
called a VV-operator if ¥ : 7!h — 7!sh. o — W(f). An operator ® is
called a VS-operator if ® : 7" — 7; h = ®(f). In addition, a connec-
tive criterion o : F @ P(E) — [0,1] can be applied to a color image f
for segmenting and obtaining a partition D, (see Serra’s segmentation
theory [19]). For the sake of simplicity, we consider that a segmentation
operator based on a connective criterion is a VS-operator. Different or-
dering relationships between vectors have been studied [5]. The marginal
ordering or M-ordering is a partial ordering, based on the usual pointwise
ordering (i.e., component by component). Another more interesting or-
dering is called conditional ordering or C-ordering, where the vectors are
ordered by means of some marginal components sequentially selected ac-
cording to different conditions. This is commonly named as lexicographic
ordering which is a total ordering. Using a M-ordering for the elements
of F(E,T"") we can introduce color vector values in the transformed
image that are not present in the input image (the problem of “false col-
ors”). The application of a C-ordering in F(E,T"") preserves the input
color vectors. When dealing with operators for color images F(E,T'")
C-orderings are indicated to build VV-operators (g = ¥(f)), introducing
no new colors [21], but can be also used for VS-operators (h = ®(f)).
An inconvenient of the C-orderings (vectorial approach) is the computa-
tional complexity of the algorithms which leads to slow implementations.
However, in practice, for many applications (e.g. segmentation and fea-
ture extraction) involving VS-operators, total orderings are not required
as well as increment based operators (e.g. gradients and top-hats) can
be defined in the unit circle 7 without fixing an origin on the hue com-
ponent [9]. We consider therefore that M-orderings can be interesting
for developing color operators. Let 1; be the mapping ¢; : 7 — 7 an
operator for grey level images (marginal operator). In general, a separa-
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ble marginal operator is formalized by h = Z (V1(f1), Ya(fs), Vs(fm)),
where = is a merging function (linear or non-linear) to combine the com-
ponents. Obviously, although less useful, M-operators can be also applied

to VV-operators (i.e., g = (¥1(f1), Ya(fs), Ys(fm))).

4. Total orderings using lexicographical cascades

Let ¢; = (u4, v, w;) and ¢; = (uj,v;, w;) be two arbitrary color points,
i.e., ¢c;,c; € T!" where the generic components (uy, vy, wy) are fr(x),
fr(z) the and negative of the hg-centered hue (fr(z) + ho) (the closest
value fg(x) to hg must be the supremum) of the color image f at point
x. The Q-lexicographical ordering or <¢ is defined as

u; < uj or
c; <qcjif u; =uj and v; <vj or
u; =uj and v;=v; and w; < w;

We denote the lexicographical cascade by {2,,,. In this case the priority
is given to the component u, then to v and finally to w. Obviously, it
is possible to define other orderings for imposing a dominant role to any
other of the vector components. The drawback of this kind of orderings
is that most of vector pairs are sorted by the chosen first component.
There is a simple way in order to make 2-ordering more flexible which
involves the linear reduction of the dynamic margin of the first compo-
nent, applying a division by a constant and rounding off, i.e., changing
u by Ju/a]. It is named an a—modulus Q-lexicographical ordering. The
value for « controls the influence degree of the first component with re-
gard to the others (above all the second one, since the cascade almost
never reaches the third row).

We then define three main families of lexicographical orderings from
the representation LSH: luminance-based () s(n=h,), saturation-based
Q| ai(h+ho) and hue-based ;. p,q)q- The value of kg yields an important
degree of freedom which allows us to act on a specific hue. A disadvantage
of the hue-based ordering is its instability for the low saturation points
(different solutions can be used which are based on a weighting of the
hue by the saturation [1]). The C-ordering color morphology has been
widely studied in the framework of lum /sat/hue representations such as
we propose here (e.g. by Hanbury and Serra [10], by Ortiz et al. [14]),
but most of works are very preliminary studies, being limited to the basic
operators

Once these orders have been defined, the morphological color VV-
operators are defined in the standard way. We limit our developments to
the flat operators. The color erosion of an image f at pixel x by the struc-
turing element B of size n is eq np(f)(z) = {f(y) : f(y) = info[f(2)],z €
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Figure 1.  Detection of inclusions in erythrocytes (malaria diagnosis) using color
openings/closings by reconstruction. The LSH lexicographical orderings are €, =
Qs(hrho)s Q2 = Qhong)st with hg = 90 (green-yellow, opposite to blue-purple),
Q3 = Qn=ng)st With ho = 270 (blue-purple) ; and where n1 = 15, ne = 200, B is an
unit square SE.

n(By)}, where infg is the infimum according to the lexicographical order-
ing Q. The corresponding color dilation dq ,p is obtained by replacing
the infg by the supy. A color opening vo ,p is an erosion followed by
a dilation, and a color closing ¢q ,p is a dilation followed by an ero-
sion. Once the color opening and closing are defined it is obvious how
to extend other classical operators like the alternate sequential filters or
the granulometries. Moreover, using a vectorial distance to calculate the
difference point-by-point of two images d(f,g)(z), d : T"" x 7' — T,
x € FE, we can easily define the two most classical VS-operators: the
morphological gradient, i.e., oo (f) = d(dq,B(f), eq,5(f)), and the top-hat
transformation, i.e., panB(f) = d(f,yqonp(f)). In addition, we propose
also the extension of the operators “by reconstruction” implemented us-
ing the color geodesic dilation which is based on restricting the iterative
dilation of a function marker m by B to a function reference f [22], i.e.,
o8 (m, f) = 650871 (m,f), where §4(m,f) = dg p(m) Aq f. The color
reconstruction by dilation is defined by v{“(m, f) = 6¢,(m, f), such that
54 (m, £) = 657 (m, f) (idempotence). In a similar way the color leveling
Aq(m, f) is computed by means of an iterative algorithm with geodesic
dilations and geodesic erosions until idempotence [12].

In figure 1 an example of application for the detection of inclusions in
red blood cells (parasites of the malaria Plasmodium Vivax) is given. The
inclusions are two types of dark structures: blue-purple ones and brown
others, which can be detected separately. Using openings/closings by re-
construction on (-p,) ordering, all inclusions are removed /enhanced
together whereas choosing the adequate hg angle, the hue-based order-
ing allows a more specific selection of the blue-purples ones. Note also
that working on the hue-based ;- 1,4)q ordering, it is possible to use a
color closing to remove or to enhance the structures according to the hue
origin (hg is the color of the structure or hg is the opposite on C). An-
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Figure 2. Color top-hat’s for detail extraction in cartographic image.

other example of color filtering is shown in figure 4: a color leveling using
a luminance-based a-modulus ordering to simplify the texture/contours
of the image [2] (the value of @ = 10 has shown to achieve robust and
pleasant levelings) where the marker is a median filter of size 11 x 11.

5. Marginal orderings and merging by
saturation-controlled operators

The saturation s is associated to the intensity of the hue A and has
the intrinsic role of discrimination of the color points as chromatic (high
s value) or achromatic (low s value). In this section, we discuss how
to define marginal separable saturation-controlled VS-operators which
cope satisfactorily with the complexity of color images. We propose also
a hybrid VS- and VV-operator to filter adaptively color images. We
suppose here fg is normalized between 0 and 1.

Color top-hats for feature extraction

In the sense of Meyer [11], there are two versions of the top-hat for
numerical functions (f : E — 7). The white top-hat is the residue of the
initial image f and an opening y5(f), i.e. p(f) = f—vB(f) (extracting
bright structures) and the black top-hat is the residue of a closing pp(f)
and f,i.e. p5(f) = ¢B(f)—f (extracting dark structures). This numeri-
cal residue involves increments and hence can be defined to circular func-
tions as the hue component. The circular centered top-hat [9] of an an-
gular function is defined by p%(a(x)) = — sup{inf[a(y)+a(z),y € B(x)]}
(extracting fast angular variations). Starting from these grey-level trans-
formations, let us propose a series of definitions for the top-hat of a color
image f from a LSH representation. The chromatic top-hat is given by
P5(E) = [fs x p%(fu)] V ph(fs). This operator extracts the fast vari-
ations of color regions on a saturated color background (i.e. saturated
color peaks on uniform color regions) and the fast variations of saturated
color regions on an achromatic (unsaturated) background (i.e. saturated
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Figure 3.  Color gradients and segmentation by watershed transformation.

color peaks on achromatic regions). The white-achromatic top-hat is
the difference between the chromatic top-hat and the global bright top-
hat, ngr = pg — ,oJTB, where the global bright top-hat is calculated by

pg(f) = p5(fr) V pg(fs). It characterises the fast variations of bright
regions (i.e. positive peaks of luminance) and the fast variations of achro-
matic regions on a saturated background (i.e. unsaturated peaks: black,
white and grey on color regions). The black-achromatic top-hat is the

difference pg_ = 0% — pjlg, where the global dark top-hat is obtained by

pjlg(f) = pp(fr) V pg(fs). Dually, it copes with the fast variations of

dark regions (i.e. negative peaks of luminance) and the fast variations of
achromatic regions on a saturated background. The term p5(fg) appears

in both pjTB and pjlEe to achieve symmetrical definitions. Figure 2 shows
the color top-hats of a cartographic image [4]. The extracted objects are
different and certain kinds of details are better defined on one top-hat
than on the other. Their contributions are consequently complementary.

Color gradient for segmentation

The morphological gradient by Beucher [6] is the numerical residue
of a dilation and an erosion, i.e., o(f) = dp(f) —ep(f) (where B is an
unitary disk). In a similar way as for the top-hat, a version has been
defined for the angular functions. The circular centered gradient is given

by [9] ¢°(a(x)) = V]a(z) + aly),y € B(z)] — Ala(z) + a(y),y € B(z)].
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We introduce the color gradient from a LSH representation by means
of the following barycentric merging function: o**(f) = fg x 0°(fm) +
(1 — fs) x o(fr). The watershed transformation, a pathwise connec-
tion, is one of the most powerful tools for segmenting images. Typically,
the function to flood is a gradient function which yields the transitions
between the regions. The color gradient ¢*°(f) may therefore be used
for segmenting color images. Figure 3 depicts a comparative example
of the partitions obtained by watershed algorithms using different gradi-

ents. The approach Uzvegzgf als is the level 3 of a non-parametric pyramid

of watershed (waterfalls algorithm [6]) and the o~V is a marker-
based watershed by selecting the 50 minima of highest volume extinction
value [13]. Using either of the methods, the results obtained by means
of the saturation weighting-based color gradient are better than working
only on the luminance or on the hue gradient and even better than tak-
ing as color gradient the supremum of the three marginal gradients [3].
Based on a similar paradigm, the saturation, considered as a binary key,
can be also used for merging the partitions associated to the hue and the
luminance (see also [3]).

Regional-based color leveling for simplification

Finally, we shall introduce a regional-based color leveling algorithm.
The rationale behind this technique is to work on two steps. First, to
obtain a partition of the image D, (f) = {R;}}_; using the precedent
color segmentation algorithm. Now, according the mean value of the
saturation in each region R;, the region is classified as chromatic or
achromatic, and then, in the second step, each color image region R;(f)
is independently leveled with )\Q(h+h0)sl or )\le(h+h0) respectively (the
marker is the median color of R;(f)). In fact, this technique is an example
of combination of a M-ordering operator (color gradient) followed by a
C-ordering (leveling) adapted to the nature of the region. The results
obtained by this filtering approach (see example in figure 4) yields very
strong simplifications (in terms of color flat zones reduction) but keeping
enough visual information. Consequently, it can be useful for region-
based coding applications.

Figure 4 Morphological
simplification of a color
image. Comparison of
a color levelling and
a  regional-based  color
levelling.
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6. Conclusions and perspectives

The extension of mathematical morphology operators to multi-valued
functions is neither direct nor general, above all if the aim is to obtain
useful transformations. We have focused on color images in order to
develop specific well-adapted morphological color operators. To achieve
that, we have proceeded in three steps. >1 Use of a color representa-
tion (system LSH in norm L;) which yields: (i) a correct formalization
from a mathematical viewpoint, (ii) an intuitive interpretation of effects
(as it is usual in mathematical morphology); >2 Explore the direct ex-
tension of morphological operators by using lexicographic orderings on
the LSH system, proving the improvement for filtering applications when
compared to the use of luminance only; >3 Introduce new marginal oper-
ators which take advantage of an adaptive combination of the chromatic
and the achromatic (or the spectral and the spatio-geometric) compo-
nents. Moreover, these separable mechanisms allow the application of
classical grey level implementations with simple complexity elements to
be added.

We can conclude that the dichotomy C-ordering vs. M-ordering for
color operators can be integrated in an unified framework providing a
wide range of operators. We have demonstrated by means of different
applications on real images (biomedical microscopy, cartography, seg-
mentation and coding in multimedia, etc.) the advantages of our new
algorithms. We believe that the proposed methodology opens new pos-
sibilities for the application of mathematical morphology to color. Espe-
cially, we are working on three issues: (i) geodesic color reconstruction
for specific object extraction, (ii) skeletons and thinnings of color objects,
(iii) color granulometries.
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